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STEP 2016, Paper 2, Q6 - Solution (2 pages; 8/6/18)

() (1= (2) +y2 =1 (1)
y=x=>LHSof (1) = (1 —-x%)(1)?>+x?>=1=RHS
Also y(1) = 1.

ie y = x satisfies DE and boundary condition, so that y; (x) = x

(i) (1 — x2) (Z—Z)Z +4y2 =4 (2)
y=2x>-1=

LHS of (2) = (1 — x2)(4%)? + 4(2x% — 1)?

= 16x% — 16x* + 16x* — 16x*> + 4 = 4 = RHS
Also y(1) = 1.

ie y = 2x? — 1 satisfies DE and boundary condition, so that
y,(x) = 2x% -1

(iif) = = 43 () = (3 (X)),
so that (1 — x?) (%)2 + 4n?z?
2(d 2
= (1= ¥9).16(n(0)” (570 (0) + 472200 @)* ~ 112 (3)

d 2
Also (1—x2) (5= Dn(0)]) +n2(Gn(0))? = n?,

so that (3) = 16y, (1))?[n? = n2(yn ()]
+4n? [4(yn(x))4 +1-— 4(yn(x))2] = 4n?, as required.
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Also, z(1) = 2(1)2 -1 =1,
so that z(x) = y,,(x),
and hence y,,(x) = 2(y,(x))? — 1

2
(iv) rtp (result to prove): (1 — x?) (g) + (mn)?v? = (mn)? (4),
and also that v(1) =1

First of all, v(1) = yn(ym(l)) =y, (1) =1

Then & = %n Wm (5)
dx dym dx

Also v, (v (x)) satisfies

[1 = D121 (22)” + n2 i )] = n?,

so that (from (5)),

G - (@) () - ham () v =n0me0)
and hence

(1—x?) (%)2 = (1—x?) 172(1_1;2)2 (d,;v;”)z

[ym ()]

And (1 -x2) (22)" 4 m2(y, (1)) = m?

n?(1-v?)

so that (1 — x?) (ZZ) [m? —m? (Ym(x))z] T2

= m?n?(1 — v?), which gives (4).



