
 fmng.uk 

1 
 

STEP 2016, Paper 1, Q2 – Solution (2 pages; 22/5/18) 

1st part 

𝑑

𝑑𝑥
{(𝑎𝑥2 + 𝑏𝑥 + 𝑐)𝑙𝑛(𝑥 + √1 + 𝑥2 ) + (𝑑𝑥 + 𝑒)√1 + 𝑥2}  

=(2𝑎𝑥 + 𝑏)𝑙𝑛(𝑥 + √1 + 𝑥2 )     

+(𝑎𝑥2 + 𝑏𝑥 + 𝑐)
1+

1

2
(1+𝑥2)

−
1
2(2𝑥)

𝑥+√1+𝑥2
    

+𝑑√1 + 𝑥2 + (𝑑𝑥 + 𝑒).
1

2
(1 + 𝑥2)−

1

2(2𝑥)    

 

As  
1+

1

2
(1+𝑥2)

−
1
2(2𝑥)

𝑥+√1+𝑥2
=

1

√1+𝑥2

√1+𝑥2(1+𝑥(1+𝑥2)
−

1
2)

𝑥+√1+𝑥2
=

1

√1+𝑥2
 , 

this simplifies to  (2𝑎𝑥 + 𝑏)𝑙𝑛(𝑥 + √1 + 𝑥2 ) 

+
1

√1+𝑥2
{𝑎𝑥2 + 𝑏𝑥 + 𝑐 + 𝑑(1 + 𝑥2) + 𝑥(𝑑𝑥 + 𝑒)}  

= (2𝑎𝑥 + 𝑏)𝑙𝑛(𝑥 + √1 + 𝑥2 )  

+
1

√1+𝑥2
{(𝑎 + 2𝑑)𝑥2 + (𝑏 + 𝑒)𝑥 + 𝑐 + 𝑑}  

 

(i) Setting 𝑎 = 0, 𝑏 = 1, 𝑑 = 0, 𝑒 = −1, 𝑐 = 0, 

∫ ln (𝑥 + √1 + 𝑥2 )  𝑑𝑥 = 𝑥 ln(𝑥 + √1 + 𝑥2 ) − √1 + 𝑥2 + 𝐶  

 

(ii) We now want  𝑎 + 2𝑑 = 1, 𝑏 + 𝑒 = 0, 𝑐 + 𝑑 = 1, 𝑎 = 0, 𝑏 = 0; 

so 𝑑 =
1

2
 , 𝑒 = 0, 𝑐 =

1

2
 

and ∫ √1 + 𝑥2  𝑑𝑥 =
1

2
ln(𝑥 + √1 + 𝑥2 ) +

𝑥

2
√1 + 𝑥2  
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(iii) We now want  𝑎 =
1

2
, 𝑏 = 0, 𝑑 = −

1

4
, 𝑒 = 0, 𝑐 =

1

4
  

and  ∫ 𝑥𝑙𝑛(𝑥 + √1 + 𝑥2 )  𝑑𝑥 = (
𝑥2

2
+

1

4
)𝑙𝑛(𝑥 + √1 + 𝑥2 ) 

−
𝑥

4
√1 + 𝑥2   

=
1

4
(2𝑥2 + 1)𝑙𝑛(𝑥 + √1 + 𝑥2 ) −

𝑥

4
√1 + 𝑥2   

 

 


