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STEP 2015, Paper 1, Q9  Solution (2 pages; 21/2/20) 

1st part 

Let 𝑇(𝛼) be the time from firing when a bullet hits the ground. 

Then 𝑢𝑠𝑖𝑛𝛼𝑇(𝛼) − 𝑔[𝑇(𝛼)]2 = 0 ⇒ 𝑇(𝛼) =
2𝑢𝑠𝑖𝑛𝛼

𝑔
 (as 𝑇(𝛼) ≠ 0). 

A bullet fired at time 𝑡 hits the ground at time  

𝑇1(𝛼) = 𝑡 +
2𝑢𝑠𝑖𝑛𝛼

𝑔
   , where 𝛼 =

𝜋

3
− 𝜆𝑡, 

so that  𝑇1(𝛼) =
𝜋

3
−𝛼

𝜆
+

2𝑢𝑠𝑖𝑛𝛼

𝑔
 

In the case of the last bullet to hit the ground, 𝑇1(𝛼) is a 

maximum; ie 
𝑑

𝑑𝛼
𝑇1(𝛼) = 0, 

so that −
1

𝜆
+

2𝑢

𝑔
𝑐𝑜𝑠𝛼 = 0 ⇒ 𝑐𝑜𝑠𝛼 =

𝑔

2𝑢𝜆
= 𝑘 

The range of this bullet is (𝑢𝑐𝑜𝑠𝛼)𝑇(𝛼) =
2𝑢2𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼

𝑔
 

=
2𝑢2

𝑔
√1 − 𝑘2. 𝑘  , as required. 

This result is valid for 
𝜋

6
≤ 𝛼 ≤

𝜋

3
 ; ie 

1

2
≤ 𝑘 ≤

√3

2
. 

 

2nd part 

When 𝑘 <
1

2
 , 𝑇1(𝛼) is maximised (when 𝑐𝑜𝑠𝛼 = 𝑘) at  𝛼 = 𝛼1 >

𝜋

3
 

Consider 
𝑑

𝑑𝛼
𝑇1(𝛼) = −

1

𝜆
+

2𝑢

𝑔
𝑐𝑜𝑠𝛼 = −

1

𝜆
+

1

𝜆𝑘
𝑐𝑜𝑠𝛼 

=
1

𝜆𝑘
(𝑐𝑜𝑠𝛼 − 𝑘)  

For 𝛼 < 𝛼1 , 𝑐𝑜𝑠𝛼 > 𝑐𝑜𝑠𝛼1 = 𝑘, so that 
𝑑

𝑑𝛼
𝑇1(𝛼) > 0 
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Thus 𝑇1(𝛼) is an increasing function, and so its greatest value for 
𝜋

6
≤ 𝛼 ≤

𝜋

3
  occurs when 𝛼 =

𝜋

3
 ; ie when the range is  

2𝑢2sin (
𝜋

3
)𝑐𝑜𝑠(

𝜋

3
)

𝑔
=

2𝑢2(
√3

2
)(

1

2
)

𝑔
=

𝑢2√3

2𝑔
  

 

 


