STEP 2014, P3, Q9 - Solution (3 pages; 2/6/20)

1st part

d k—ke Kt ke~ kt
v=_r=—7h—g+ u (as g & u are constant)
1—e~kt

To check that the eq'n of motion is satisfied:

N2L = mg —mky = ma,org —kv =a (1),

where a = %y =e kg — ke ¥y
_p—kt
LHSof (1)isg — k (1 i g+ e"ktg) = a, as required.

To check that the initial conditions are satisfied:

2nd part

[ 7.j = 0 = particle crosses the x-axis]

r.j=0= (#) (—g) + (1_‘;—}”) (usina) =0

= kT —1+e ) (—g) + (1 — e *T)(uksina) = 0

: KT—1+e~ KT k :
= uksina = ( 1_:fkT o _ (Tikr — 1) g, asrequired.
3rd part
—_p—kT
AttimeT, v = - ek g+e ¥y

—_o—kT

_ L (1-e
= e *Tucosai + {( »

) (—g) + usina.e™*T}j
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The particle crosses the x-axis at time T, and as it is moving

towards the x-axis, f is the angle below the x-axis, so that

k
e kTyucosa

—{(1_e_kT>(—g)+usina.e‘kT}
tanf =

_ _(-e"*)g

— tana
e~ kTykcosa

kT
e* -1 .
— Dy _ tana , as required.
ukcosa

4th part

(efT-1)

g _ 2tana > 0 (D)

result to prove: —————
ukcosa

From the 2nd part,

(ekT—l) uksina

LHS = r— ( T _1) — 2tana
1-e~kT
_ (ekT—l)(l—e‘kT)tana' — 2tana

kT—(1—e~kT)

ekT—1—1+e kT
kT—1+e~ kT

So (1) is equivalent to —2 >0 [astana > 0] (2)
eXT—24+e KT —2kT+2—2¢ T

LHS = kT—1+e— kT

ekT e~ kT _kT

= (3)

kT—1+e~ kT

Numerator of (3) = 2sinhkT — 2kT > 0, assuming that
sinhkT > kT

Denominator of (3) = f(kT),

where f(x)=x—-1+¢e7*
ffx)=1—e™*>0forx>0

Then, as f(0) = 0, it follows that f(x) > 0 forx > 0,
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and hence the denominator of (3) > 0,ask &T > 0

Therefore (3) > 0, and hence tanf > tana, so that § > «a (as
tanx is an increasing function for 0 < x < %, and 0 < a < %

(given)and 0 < f < % (from the motion of the particle).



