fmng.uk

STEP 2014, P2, Q5 - Solution (2 pages; 30/6/20)

d du
y=xu=>d—z=u+x—

dx
. . d 2y+x du 2xu+x 2u+1
(1)W1thy=xu,—y= T sudx—== =
dx y—2x dx Xu—2x u—2
du 2u+1 2u+1-u(u-2)  4u+1-u?
=2> X — = - Uu = =
dx u—2 u—2 u—2
u-—2 1
= [ ~du = [=dx
4u+1-u X
1 —-2u+t+4 1
= In|x| = —= du=—=In|4u+1—u?| —InC
27 4u+1-u? 2

[without loss of generality, as InC can take any value]
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As sol'n passes through (1,1),C? =

So x%(4u + 1 —u?) = 4 (in order for the curve to pass through

(1,1))
2 4y y?
and hence x“(—+1—-=) =4
X X
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or x> —y?>+4xy—4=0

(ii)Letx=X+a&y =Y+,

x—2y—4 _ X+a-2(Y+b)—4

so that =
2x+y-3 2(X+a)+Y+b-3

Thenseta—2b—4=0&2a+b—3 =0,
sothat 2(2b+4)+b—-3=0;5b=-5b=-1;a=2
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d xX—2y—4 ay X=-2Y ax 2X+Y
Then Yy _ y _ _

= = or =
dx 2x+y-3 dX 2X+Y dy  x-2v’

which is the differential eq'n in (i), with X in place of y and Y in
place of x.

So, from (A) in (i), C?Y? = T where X = YU
Whenx=1,X=1-2= -1,
andwheny =1,Y=1—-(—-1) =2
1 1 1
Hence C%(4) = |4(_%)+1_(_%)2| = 2+1 ] = é
and so C? = %,giving Y? = m

(in order for the curve to pass through (1, 1))
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andso (y+ 1) =

_ 5(y+1)?
- —4(x-2)(y+1)—(y+1)2+(x—2)2

>+ 1)%(—4xy —4x+8y+8—y2 =2y —1+x% —4x +4)
=5( + 1)?

= (y+ 1)%(—4xy—8x+6y+6—y*+x%)=0

or (y+1)?(x*—y?—8x+6y—4xy+6)=0



