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STEP 2014, P2, Q4 - Sol'n (2 pages; 24/6/20)  

(i) 𝑢 =
1

𝑥
 ⇒ 𝑑𝑢 = −𝑥−2𝑑𝑥 ⇒ 𝑑𝑥 = −𝑥2𝑑𝑢 = −𝑢−2𝑑𝑢 

Then 𝐼 = ∫
𝑥𝑙𝑛𝑥

(𝑎2+𝑥2)(𝑎2𝑥2+1)
𝑑𝑥

𝑏
1

𝑏

= ∫
1

𝑢
ln (

1

𝑢
)(−𝑢−2)

(𝑎2+𝑢−2)(𝑎2𝑢−2+1)

1

𝑏
𝑏

 𝑑𝑢 

= ∫
−𝑢𝑙𝑛𝑢

(𝑎2𝑢2+1)(𝑎2+𝑢2)

𝑏
1

𝑏

 𝑑𝑢 = −𝐼, so that 𝐼 = 0, as required. 

 

(ii) With 𝑢 =
1

𝑥
,  𝐽 = ∫

𝑎𝑟𝑐𝑡𝑎𝑛𝑥

𝑥
 𝑑𝑥 = ∫

arctan(
1

𝑢
)(−𝑢−2)𝑑𝑢

(
1

𝑢
)

1

𝑏
𝑏

𝑏
1

𝑏

  

= ∫
(

𝜋

2
−𝑎𝑟𝑐𝑡𝑎𝑛𝑢)

𝑢
 𝑑𝑢

𝑏
1

𝑏

   

=
𝜋

2
∫

1

𝑢
𝑑𝑢 − 𝐽

𝑏
1

𝑏

,  

so that 2𝐽 =
𝜋

2
(𝑙𝑛𝑏 − ln (

1

𝑏
)) (as 𝑏 > 0), 

and 𝐽 =
𝜋

4
(2𝑙𝑛𝑏) =

𝜋𝑙𝑛𝑏

2
 , as required. 

 

(iii) Let  𝑢 =
𝑘

𝑥
 , so that 𝑑𝑢 = −𝑘𝑥−2𝑑𝑥, and 𝑑𝑥 = −

𝑘2𝑢−2

𝑘
𝑑𝑢 

Then 𝐾 = ∫
1

(𝑎2+𝑥2)2 𝑑𝑥 = ∫
1

(𝑎2+𝑘2𝑢−2)2

0

∞

∞

0
(−𝑘𝑢−2)𝑑𝑢 

= 𝑘 ∫
𝑢2

(𝑎2𝑢2+𝑘2)2  𝑑𝑢
∞

0
  

[Aiming to involve K again] Let 𝑘 = 𝑎2, so that 

𝐾 = 𝑎−2 ∫
𝑢2

(𝑢2+𝑎2)2  𝑑𝑢
∞

0
  

= 𝑎−2 ∫
𝑢2+𝑎2

(𝑢2+𝑎2)2  𝑑𝑢
∞

0
− 𝑎−2 ∫

𝑎2

(𝑢2+𝑎2)2  𝑑𝑢
∞

0
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= 𝑎−2 ∫
1

𝑢2+𝑎2  𝑑𝑢
∞

0
− 𝐾  

Hence 2𝐾 = 𝑎−2 (
𝜋

2𝑎
) , using the given result (for 𝑎 > 0) 

that ∫
1

𝑎2+𝑥2  𝑑𝑥
∞

0
=

𝜋

2𝑎
 

And so 𝐾 =
𝜋

4𝑎3  (for 𝑎 > 0), as required. 


