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STEP 2014, P1, Q2 - Solution (3 pages; 30/10/19)

(i) By Parts, [ 1.In(2 — x) dx = xIn(2 —x) — [ x i (—1)dx
=xln(2—x)+fg dx+f%dx
=xIn(2—-x)—x—2In(2—-x)+ ¢
=—2-x)In(2-x)4+ (2 —-x)+c, wherec =c" — 2,
provided 2 —x > 0;iex < 2

[As the official solution points out, you would be allowed to
simply confirm the result by differentiation.]

(ii) For |x| > 2,y = In|x? — 4| = In(x? — 4) is symmetric about
the y-axis. It can be based on y = In(x — 4) forx > 4.Asx > 1in
this region, the effect of transforming from y = In(x — 4) to

y = In(x? — 4) will be to stretch the curve in the negative

x-direction (ie so as to hug the asymptote more closely). See the
diagram below. [For a given x, we are looking to the right to x?
(which is larger than x when x > 1) and dragging the curve

y = In(x — 4) back to the left, to give the point (x,In(x? — 4))]
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For |x| < 2,y = In|x? — 4| = In(4 — x?) will again be symmetric
about the y-axis, and can be based on y = In(4 — x) for x < 4,
noting that the latter curve is the reflectionof y = Inxinx = 2, as
shown below.

For 0 < x < 1, the effect of transforming from y = In(4 — x) to
y = In(4 — x?) will be to stretch the curve in the positive

x-direction, whilst for 1 < x < 2, the effect will be to stretch it in
the negative x-direction.
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The two curves are then combined to give y = In|x? — 4|:

A )
e \z \f\l% -}
§ A )
Iad
},‘.“ 4 \\
" 9
% j
\‘ ¢
% £
y s‘« ’
) 'l 1
% ¢ =
% e e e
X" T 5 W LS

-38% -3 3% o §
(S g &
1( § A v‘l
1.3 {
i ¥ b
¥ |
i
i 8
)
’ ¥

fmng.uk

(iii) Area = ffln(él —x%)dx = ff In(2 —x) +In(2 + x) dx

From (i), [In(2 = x)dx = —=(2 = x)In(2 — x) + (2 — x) [+]
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Letu = —x

Then [In(2 + w)(—1)du = -2+ w) In(2 + u) + (2 + w),
andso [In(2+ x)dx =2 +x)In(2+x) — (2 + x)
Then Area

=[-@-x)In@2Z-x)+@2—-x)+ 2 +x)In +x)—(2+x)]\{)§

={—(2-+3)In(2 - v3) = 2v3 + (2 + V3) In(2 + V3)}
—{—2In2 + 2In2}

= (2-3)In(;=5) + (2 +V3)In(2+V3) - 2v3

= (2-V3)InEEY) + (2 +V3) In(2 + V3) - 23
= 41n(2 + v3) — 2V3, as required

[The official solution refers to integrating from —/3 to v/3, but the
question asks for the area enclosed by the positive x-axis etc.]

(iv)
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From (iii), Area = 2{41In(2 + v3) — 2V3} + 2 f\% —In |x? — 4|dx

= 8In(2 ++3) - 4V3 — 2 [-In(4 — x®)dx (1)

2 .
Now, [zIn(4 — x*)dx = lim fj% In(2 — x) + In(2 + x) dx

[f\/z§ In(4 — x?) dx is an improper integral]

=lim [-C-—2)IQ2-x)+Q2—-—x)+2+x)In(2+x)

Jim
—2+ x)]\% , from the working in (iii)

={-0—4+0}

—{=(2-+3)In(2 = v3) - 2v3 + (2 +V3) In(2 + V3)},
astint - 0

= —4 — {41In(2 + v3) — 23}, from the working in (iii).
Then, from (1), Area

=8In(2 +v3) — 4V3 — 2{—4 — {41n(2 +V3) - 2V3}}
=16In(2++3) —8V3 +8

[No answer is provided in the official solutions, so I hope this is
correct!]



