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STEP 2013, P3, Q7 - Solution (3 pages; 1/7/20)  

(i) 1st part 

𝑑

𝑑𝑥
𝐸(𝑥) = 2

𝑑𝑦

𝑑𝑥
 .

𝑑2𝑦

𝑑𝑥2 + 2𝑦3 𝑑𝑦

𝑑𝑥
= 2

𝑑𝑦

𝑑𝑥
(

𝑑2𝑦

𝑑𝑥2 + 𝑦3) = 0, so that 𝐸(𝑥) is 

constant, as required. 

2nd part 

𝐸(0) = 02 +
1

2
 . 14 =

1

2
 , so that 𝐸(𝑥) =

1

2
 for all 𝑥 (as 𝐸(𝑥) is 

constant) 

Thus  (
𝑑𝑦

𝑑𝑥
)

2
+

1

2
𝑦4 =

1

2
 , 

and so  𝑦4 = 1 − 2 (
𝑑𝑦

𝑑𝑥
)

2
≤ 1, 

and hence |𝑦| ≤ 1, as required. 

 

(ii) 1st part 

𝑑

𝑑𝑥
𝐸(𝑥) = 2

𝑑𝑣

𝑑𝑥
(

𝑑2𝑣

𝑑𝑥2) + 2𝑠𝑖𝑛ℎ𝑥.
𝑑𝑣

𝑑𝑥
  

= 2
𝑑𝑣

𝑑𝑥
(

𝑑2𝑣

𝑑𝑥2 + 𝑠𝑖𝑛ℎ𝑥)  

= 2
𝑑𝑣

𝑑𝑥
(−𝑥

𝑑𝑣

𝑑𝑥
)  

= −2𝑥 (
𝑑𝑣

𝑑𝑥
)

2
≤ 0 for 𝑥 ≥ 0, as required. 

2nd part 

2𝑐𝑜𝑠ℎ𝑣 = 𝐸(𝑥) − (
𝑑𝑣

𝑑𝑥
)

2
≤ 𝐸(𝑥) ≤ 𝐸(0), for 𝑥 ≥ 0, as 

𝑑

𝑑𝑥
𝐸(𝑥) ≤ 0 

And 𝐸(0) = 02 + 𝑒𝑙𝑛3 + 𝑒−𝑙𝑛3 = 3 +
1

3
=

10

3
 

So 2𝑐𝑜𝑠ℎ𝑣 ≤
10

3
, and hence 𝑐𝑜𝑠ℎ𝑣 ≤

5

3
  (for 𝑥 ≥ 0), as required. 
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(iii) Trying the approach in the 1st two parts,  

let 𝐸(𝑥) = (
𝑑𝑤

𝑑𝑥
)

2
+ 2 ∫ 𝑤𝑐𝑜𝑠ℎ𝑤 + 2𝑠𝑖𝑛ℎ𝑤 𝑑𝑤    (1) 

(where the constant of integration is zero) 

Then 
𝑑

𝑑𝑥
𝐸(𝑥) = 2 (

𝑑𝑤

𝑑𝑥
) .

𝑑2𝑤

𝑑𝑥2 + 2(𝑤𝑐𝑜𝑠ℎ𝑤 + 2𝑠𝑖𝑛ℎ𝑤).
𝑑𝑤

𝑑𝑥
 

= 2
𝑑𝑤

𝑑𝑥
(

𝑑2𝑤

𝑑𝑥2 + 𝑤𝑐𝑜𝑠ℎ𝑤 + 2𝑠𝑖𝑛ℎ𝑤)  

= −2
𝑑𝑤

𝑑𝑥
(5𝑐𝑜𝑠ℎ𝑥 − 4𝑠𝑖𝑛ℎ𝑥 − 3) (

𝑑𝑤

𝑑𝑥
)  

 

Result to prove: 𝑓(𝑥) = 5𝑐𝑜𝑠ℎ𝑥 − 4𝑠𝑖𝑛ℎ𝑥 − 3 ≥ 0 , for 𝑥 ≥ 0 

𝑓′(𝑥) = 5𝑠𝑖𝑛ℎ𝑥 − 4𝑐𝑜𝑠ℎ𝑥  

and so 𝑓′(𝑥) = 0 when  5𝑠𝑖𝑛ℎ𝑥 = 4𝑐𝑜𝑠ℎ𝑥 

⇒ 25𝑠𝑖𝑛ℎ2𝑥 = 16𝑐𝑜𝑠ℎ2𝑥 = 16(𝑠𝑖𝑛ℎ2𝑥 + 1)  

⇒ 𝑠𝑖𝑛ℎ2𝑥 =
16

9
⇒ 𝑠𝑖𝑛ℎ𝑥 =

4

3
 (for 𝑥 ≥ 0) 

And 𝑓′′(𝑥) = 5𝑐𝑜𝑠ℎ𝑥 − 4𝑠𝑖𝑛ℎ𝑥 

 = 4(𝑐𝑜𝑠ℎ𝑥 − 𝑠𝑖𝑛ℎ𝑥) + 𝑐𝑜𝑠ℎ𝑥 > 𝑐𝑜𝑠ℎ𝑥 > 0 

(as 𝑐𝑜𝑠ℎ𝑥 > 𝑠𝑖𝑛ℎ𝑥 for all 𝑥) 

Hence 𝑓(𝑥) has a single (local) minimum when 𝑠𝑖𝑛ℎ𝑥 =
4

3
  

Then 𝑐𝑜𝑠ℎ2𝑥 = 𝑠𝑖𝑛ℎ2𝑥 + 1 =
16

9
+ 1 =

25

9
 , so that 𝑐𝑜𝑠ℎ𝑥 =

5

3
 , 

and the minimum value of 𝑓(𝑥) is 5 (
5

3
) − 4 (

4

3
) − 3 =

25−16−9

3
= 0 

So, as there is a single minimum, 𝑓(𝑥) ≥ 0 , for 𝑥 ≥ 0, as required 

to be proved. 

[Alternatively, 𝑓(𝑥) =
5

2
(𝑒𝑥 + 𝑒−𝑥) −

4

2
(𝑒𝑥 − 𝑒−𝑥) − 3 
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=
1

2
𝑒−𝑥(𝑒2𝑥 + 9 − 6𝑒𝑥) =

1

2
𝑒−𝑥(𝑒𝑥 − 3)2 ≥ 0] 

Hence 
𝑑

𝑑𝑥
𝐸(𝑥) ≤ 0 (for 𝑥 ≥ 0) 

And from (1), 

𝐸(𝑥) = (
𝑑𝑤

𝑑𝑥
)

2
+ 2 ∫ 𝑤𝑐𝑜𝑠ℎ𝑤 + 2𝑠𝑖𝑛ℎ𝑤 𝑑𝑤     

= (
𝑑𝑤

𝑑𝑥
)

2
+ 2𝑤𝑠𝑖𝑛ℎ𝑤 − 2𝑐𝑜𝑠ℎ𝑤 + 4𝑐𝑜𝑠ℎ𝑤  

= (
𝑑𝑤

𝑑𝑥
)

2
+ 2𝑤𝑠𝑖𝑛ℎ𝑤 + 2𝑐𝑜𝑠ℎ𝑤  

Then  2𝑤𝑠𝑖𝑛ℎ𝑤 + 2𝑐𝑜𝑠ℎ𝑤 = 𝐸(𝑥) − (
𝑑𝑤

𝑑𝑥
)

2
≤ 𝐸(𝑥)    

And 𝐸(0) = (
1

√2
)

2
+ 2 =

5

2
 

Thus  2𝑤𝑠𝑖𝑛ℎ𝑤 + 2𝑐𝑜𝑠ℎ𝑤 ≤ 𝐸(𝑥) ≤ 𝐸(0) =
5

2
 (as 

𝑑

𝑑𝑥
𝐸(𝑥) ≤ 0) 

⇒ 𝑐𝑜𝑠ℎ𝑤 ≤
5

4
− 𝑤𝑠𝑖𝑛ℎ𝑤 ≤

5

4
   (for 𝑥 ≥ 0), 

as 𝑤 & 𝑠𝑖𝑛ℎ𝑤 always have the same sign (unless both are zero), 

as required. 


