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STEP 2013, P3, Q6 - Solution (3 pages; 20/7/20)  

 

 

 

 

 

 

Referring to the diagram, |𝑧 − 𝑤| = 𝑊𝑍, which is no longer than 

𝑊𝑂 + 𝑂𝑍 = |𝑤| + |𝑧|; ie |𝑧 − 𝑤| ≤ |𝑧| + |𝑤| 

(i) 1st part 

|𝑧 − 𝑤|2 = (𝑧 − 𝑤)(𝑧 − 𝑤)∗  

= (𝑧 − 𝑤)(𝑧∗ − 𝑤∗)  

= 𝑧𝑧∗ − 𝑧𝑤∗ − 𝑤𝑧∗ + 𝑤𝑤∗  

= |𝑧|2 − (𝐸 − 2|𝑧𝑤|) + |𝑤|2  

= |𝑧|2 + 2|𝑧𝑤| + |𝑤|2 − 𝐸  

= (|𝑧| + |𝑤|)2 − 𝐸, as required.     

 

2nd part 

As |𝑧|, |𝑤| & |𝑧 − 𝑤| are all real,  

𝐸 = (|𝑧| + |𝑤|)2 − |𝑧 − 𝑤|2 is real, as required. 

  

3rd part 

From the initial result, |𝑧 − 𝑤| ≤ |𝑧| + |𝑤| 
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⇒ |𝑧 − 𝑤|2 ≤ (|𝑧| + |𝑤|)2  

⇒ 𝐸 = (|𝑧| + |𝑤|)2 − |𝑧 − 𝑤|2 ≥ 0, as required. 

 

(ii) 1st part 

Equivalent result to prove: (1 + |𝑧𝑤|)2 − |1 − 𝑧𝑤∗|2 = 𝐸    

LHS = 1 + 2|𝑧𝑤| + |𝑧𝑤|2 − (1 − 𝑧𝑤∗)(1 − 𝑧𝑤∗)∗ 

= 1 + 2|𝑧𝑤| + |𝑧|2|𝑤|2 − (1 − 𝑧𝑤∗)(1 − 𝑧∗𝑤)  

= 1 + 2|𝑧𝑤| + |𝑧|2|𝑤|2 − (1 − 𝑧∗𝑤 − 𝑧𝑤∗ + 𝑧𝑤∗𝑧∗𝑤)  

= 2|𝑧𝑤| + 𝑧∗𝑤 + 𝑧𝑤∗  (as  𝑧𝑤∗𝑧∗𝑤 = 𝑧𝑧∗𝑤𝑤∗ = |𝑧|2|𝑤|2) 

= 𝐸, as required. 

 

2nd part 

From (i) & (ii), 

|𝑧 − 𝑤|2 = (|𝑧| + |𝑤|)2 − 𝐸  and |1 − 𝑧𝑤∗|2 = (1 + |𝑧𝑤|)2 − 𝐸, 

and hence  
|𝑧−𝑤|2

|1−𝑧𝑤∗|2 =
(|𝑧|+|𝑤|)2−𝐸

(1+|𝑧𝑤|)2−𝐸
   (A) 

Result to prove: For 𝑎, 𝑏, 𝑐, 𝑎 − 𝑐, 𝑏 − 𝑐 > 0,  
𝑎−𝑐

𝑏−𝑐
<

𝑎

𝑏
    (B), under 

certain circumstances. 

Proof  

(B) ⇔ 𝑎𝑏 − 𝑐𝑏 < 𝑎𝑏 − 𝑎𝑐, as 𝑏 > 0 & 𝑏 − 𝑐 > 0 

⇔ 𝑏 > 𝑎 , as 𝑐 > 0 

So  
𝑎−𝑐

𝑏−𝑐
<

𝑎

𝑏
  when 𝑎, 𝑏, 𝑐, 𝑎 − 𝑐, 𝑏 − 𝑐, 𝑏 − 𝑎 > 0 
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Then, applying the above result to (A): 

|𝑧−𝑤|2

|1−𝑧𝑤∗|2 =
(|𝑧|+|𝑤|)2−𝐸

(1+|𝑧𝑤|)2−𝐸
<

(|𝑧|+|𝑤|)2

(1+|𝑧𝑤|)2   (C),  if 𝐸 > 0 , provided that 

(|𝑧| + |𝑤|)2 < (1 + |𝑧𝑤|)2   (D) 

(as |𝑧 − 𝑤|2, |1 − 𝑧𝑤∗|2, (|𝑧| + |𝑤|)2 − 𝐸  & (1 + |𝑧𝑤|)2 − 𝐸 > 0)   

and (D) will be true if  |𝑧| + |𝑤| < 1 + |𝑧𝑤|  (F) 

(F) ⇔ 1 + |𝑧||𝑤| − |𝑧| − |𝑤| > 0 

⇔ |𝑧|(|𝑤| − 1) + (1 − |𝑤|) > 0  

⇔ (1 − |𝑧|)(1 − |𝑤|) > 0  (G) 

and (G) holds, as 1 − |𝑧| < 0 & 1 − |𝑤| < 0 

 

So (C) holds if 𝐸 > 0, and if 𝐸 = 0, 
|𝑧−𝑤|2

|1−𝑧𝑤∗|2 =
(|𝑧|+|𝑤|)2

(1+|𝑧𝑤|)2 

Hence, 
|𝑧−𝑤|2

|1−𝑧𝑤∗|2 ≤
(|𝑧|+|𝑤|)2

(1+|𝑧𝑤|)2  (H) 

 

3rd part 

If both |𝑧| < 1 & |𝑤| < 1, then (G) also holds, and hence (H) does. 


