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STEP 2013, P3, Q1 - Solution (3 pages; 6/4/21)

1st part

1 d 1 \1 1 1
t = tan (—x) = 2 = gsec? (—x) = =>(1+ tan? (—x))
2 dx 27 )27 2 2

=~ (1+1t%)

2nd part

sne = 2in () cos£) = 228 = 2

3rd part

Write [ = On s dx ,and lett = tan G x)
Then % = %(1 + t%) and hence dx = — dt
And [ = fO 1+a (%) 1+t2 dt = Zf 1+t2+2at

Now 1+ t?2+2at=(t+a)?—a?+1,

sothat] = 2 [\/ﬁ arctan( (+d )] 0

= ﬁ {arctan (%) — arctan ( \/1a_—az)}

Now, if tanf =t & tan¢p = T (where 0 < 6 <§and0 < <§),

tanf—-tang
1+tanftang

then tan(8 — ¢) =

t_
= ,and arctan(t) — arctan(T) = 8 — ¢ = arctan (ﬁ)
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1+a
Thus arctan ( \/%) — arctan (ﬁ) — arctan ((J<1 f+2 )((Jl az))
a2/ \J1-a2

Vi—qg2 3 —
= arCtan( 21 4 ) = arctan< 1-a ) — arctan ( 1 a)(1+a))
1-a?+(a+a?) 1+a (1+a)?

= arctan (\/:'1;2)

2 Vi- :
andso [ = arctan (—a), as required.
Vi-a? Vita
4th part
E sin™x 2 sin™t1x+2sin™x
If Iy = JZo— dx,then Iy, +2I, = J2 o dx

A
= [2sin™x dx

Hence I + 2, = [?sin®x dx = %fg(l — c0s2x) dx

T
1 —
=-[x — —SmZx]z
2 0
1/m 1 T
=1 ——o)—— 0-0)=ZX (*
;G-0)—30-0=F ®
Vs ) .
— Sin“x sin?x+2sinx 2sinx
Andlz — —fZ - ;
0 2+sinx 2+sinx 2+sinx
T \ 2sinx+4 4
= [2 sinx — =—— _
0 2+sinx 2+sinx
T
= [—cosx]2 — f22dx+2f2 dx
0 142 mnx

[1_1
2) , from the 3rd part
142
2

=(O+1)—2(§—0) Farctan(

8 1
—1—n+ﬁarctan(ﬁ) 1-m+—= ()

2
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So, from (%), Iy =2 — 2L, =X - 21 -+ = (D))

“n (22 or (- 2D)n -



