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STEP 2013, Paper 2, Q12 – Sol'n (2 pages; 7/4/21)  

[This was apparently the least attempted question on the paper, 

but is relatively straightforward and requires only basic 

knowledge of the Poisson distribution and familiarity with the 

𝐸[𝑋(𝑋 − 1)] device for determining 𝑉𝑎𝑟(𝑋).] 

(i) 𝐸(𝑋) = 1.
𝑒−𝜆𝜆

1!
+ 3.

𝑒−𝜆𝜆3

3!
+ 5.

𝑒−𝜆𝜆5

5!
+ ⋯ 

= 𝑒−𝜆𝜆(1 +
𝜆2

2!
+

𝜆4

4!
+ ⋯ )  

= 𝑒−𝜆𝜆𝛼  

And 𝐸(𝑌) = 2.
𝑒−𝜆𝜆2

2!
+ 4.

𝑒−𝜆𝜆4

4!
+ ⋯ 

= 𝑒−𝜆𝜆(
𝜆

1!
+

𝜆3

3!
+

𝜆5

5!
+ ⋯ )  

= 𝑒−𝜆𝜆𝛽  

[Also, 𝐸(𝑋 + 𝑌) = 𝐸(𝑈) = 𝜆, and 

𝐸(𝑋) + 𝐸(𝑌) = 𝑒−𝜆𝜆𝛼 +𝑒−𝜆𝜆𝛽 = 𝑒−𝜆𝜆(𝛼 + 𝛽) = 𝑒−𝜆𝜆𝑒𝜆 = 𝜆] 

 

(ii) 1st part 

𝐸[𝑋(𝑋 − 1)] = 3(2)
𝑒−𝜆𝜆3

3!
+ 5(4)

𝑒−𝜆𝜆5

5!
+ ⋯  

= 𝑒−𝜆𝜆2(
𝜆

1!
+

𝜆3

3!
+

𝜆5

5!
+ ⋯ ) = 𝑒−𝜆𝜆2𝛽  

Then 𝑉𝑎𝑟(𝑋) = 𝐸[𝑋(𝑋 − 1)] + 𝐸(𝑋) − [𝐸(𝑋)]2 

= 𝑒−𝜆𝜆2𝛽 + 𝑒−𝜆𝜆𝛼 − (𝑒−𝜆𝜆𝛼)2  

Then, as 𝛼 + 𝛽 = 𝑒𝜆,  

𝑉𝑎𝑟(𝑋) =
𝜆2𝛽+𝜆𝛼

𝛼+𝛽
−

𝜆2𝛼2

(𝛼+𝛽)2 , as required. 
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Also,  𝐸[𝑌(𝑌 − 1)] = 2(1)
𝑒−𝜆𝜆2

2!
+ 4(3)

𝑒−𝜆𝜆4

4!
+ ⋯  

= 𝑒−𝜆𝜆2(1 +
𝜆2

2!
+

𝜆4

4!
+ ⋯ ) = 𝑒−𝜆𝜆2𝛼 ; ie as for 𝑋, but with 𝛽 

replaced by 𝛼. 

and so 𝑉𝑎𝑟(𝑌) =
𝜆2𝛼+𝜆𝛽

𝛼+𝛽
−

𝜆2𝛽2

(𝛼+𝛽)2 (swapping  𝛼 & 𝛽 in 𝑉𝑎𝑟(𝑋)) 

2nd part 

𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟(𝑋 + 𝑌)  

⇔
𝜆2𝛽+𝜆𝛼

𝛼+𝛽
−

𝜆2𝛼2

(𝛼+𝛽)2 +
𝜆2𝛼+𝜆𝛽

𝛼+𝛽
−

𝜆2𝛽2

(𝛼+𝛽)2 = 𝑉𝑎𝑟(𝑈) = 𝜆  

⇔ (𝜆2𝛽 + 𝜆𝛼)(𝛼 + 𝛽) − 𝜆2𝛼2 + (𝜆2𝛼 + 𝜆𝛽)(𝛼 + 𝛽) − 𝜆2𝛽2  

= 𝜆𝑒2𝜆   (as 𝛼 + 𝛽 = 𝑒𝜆) 

⇔ (𝜆2𝛽 + 𝜆𝛼)(𝛼 + 𝛽) − 𝜆2𝛼2 + (𝜆2𝛼 + 𝜆𝛽)(𝛼 + 𝛽) − 𝜆2𝛽2  

= 𝜆𝑒2𝜆  

⇔ (𝜆𝛽 + 𝛼)(𝛼 + 𝛽) − 𝜆𝛼2 + (𝜆𝛼 + 𝛽)(𝛼 + 𝛽) − 𝜆𝛽2 = 𝑒2𝜆  

⇔ (𝜆𝛽 + 𝛼 + 𝜆𝛼 + 𝛽)(𝛼 + 𝛽) − 𝜆(𝛼2 + 𝛽2) = 𝑒2𝜆  

⇔ (𝜆 + 1)(𝛼 + 𝛽)(𝛼 + 𝛽) − 𝜆(𝛼2 + 𝛽2) = (𝛼 + 𝛽)2   

⇔ 𝜆(𝛼 + 𝛽)2 = 𝜆(𝛼2 + 𝛽2)  

Thus, if 𝜆 ≠ 0, (𝛼 + 𝛽)2 = 𝛼2 + 𝛽2 ⇔ 𝛼𝛽 = 0 

So, as neither 𝛼 nor 𝛽 is zero, there are no non-zero values of 𝜆 for 

which 𝑉𝑎𝑟(𝑋) + 𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟(𝑋 + 𝑌). 

 


