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STEP 2012, Paper 3, Q7 - Solution (3 pages; 16/7/18)

[A standard approach for dealing with simultaneous differential
eq’'ns is to differentiate one of the eq’ns and use the original eq’ns
to eliminate the unwanted variable (in this case, z).]

y=—20-2)=>y=-20y-2) = -2y + 2(-y — 32)
sothat y = —4y — 6z (1)
Also y=-2(y—2z)=>2z=y+2y(2)

Then (1)&(2) = § + 4y + 3(y + 2y) = 0
and hence y+ 7y + 6y =0
Auxiliaryeqnis 12 +71+6=0=> A1 +6)(1+1) =0
>A=—-60r—1
=y = Ae t + Be %, as required
=>y=—Aet—6Be %
Then y=-2(y —2z) >y +2y =2z
1

=z =_(—Ae™" - 6Be™°") + (de™" + Be™*)

1 .
so that z = EAe_t — 2Be™%t | asrequired

(1) z(0) =0&y(0) =5
>2-28=02A-4B=0& A+B=5
>5B=5=>B=1&A4=4

So the required sol'nis: y(t) = 4e~ " + e~ °t

and z,(t) = 2e7t —2e7 %t



(i) z(0) =0&z(1) =c

A _ 14,1 -6 _
=>E—ZB—C & EAe —2Be ™ =¢
s-del=c+e ¢ -0

2 2
= %(e‘1 —e ®)=c(1-e79

2c(1-e™®) _ 2c(e®-1)
e~l-e=6 ~  e5-1

=> A =
&ZBzg—cz——c

c(e6—1—(e5—1))___C(eé_es)

es5—1 es5—1

2c(e®-1) _;
e5—-1

So the required sol'nis: y(t) =

6_1 _ 6_,5 _
and zz(t)=c(;—_1)e t—%e ot (1)

c(e®=e®) et

2(e5-1)

(111) Z%:—oo Z (t - TL) = 291:_00{26_(1:_”) — 23_6(t_n)}

—2etFO_ Lem —2e6tYO__eon ()

Letu = —n

Then (2) = 2e7tY0_ e ™% —2e76ty0_ e—6u

2et 2e76t

" 1-e-1  1-¢-6

(e®-1) 2

e5—-1  1-e-1’

Referring to (1), we want -

2(e5-1)
(e®-1)(1-e™1)

so that ¢ =

Result to prove (again referring to (1)):

2
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2(e5-1) (e®-e®) 2
(e6-1)(1—e~1) " (e5-1) 1—e~6
5_ 6_p5
or that 2(e°-1) (e°¢?) 2= (3)

(e6—1)(1—-e~1) " (e5-1) 1-e~©

2
@ Da—e DA ¢

LHS = e®—e’)(1—-e®) —(ef —1)(1—e1)}

Then the expressionin{}=e®—1—e>+e 1 —(e®—e>—1+e71) =0,
so that (3) = 0, as required

2(e®>-1)  2e(e®-1)
(e6-1)(1-e71)  (eS-1)(e-1)

and ¢ =
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