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STEP 2012, Paper 3, Q13 – Solution (2 pages; 16/7/18) 

(i)  𝐸(𝑍|𝑎 < 𝑍 < 𝑏) = ∫
𝑝𝑍(𝑢)𝑢 

𝑃(𝑎<𝑍<𝑏)
 𝑑𝑢

𝑏

𝑎
 , 

where 𝑝𝑍(𝑢) is the pdf of Z 

=
1

(Φ(𝑏)−Φ(𝑎))
∫

1

√2𝜋
exp (−

𝑢2

2
) 𝑢 𝑑𝑢

𝑏

𝑎
  

=
1

√2𝜋

1

(Φ(𝑏)−Φ(𝑎))
[− exp (−

𝑢2

2
)]

𝑏
𝑎

  

=
exp(−

𝑎2

2
)−exp(−

𝑏2

2
)

√2𝜋(Φ(𝑏)−Φ(𝑎))
  

 

(ii) 𝑍 =
𝑋−𝜇

𝜎
⇒ 𝑋 = 𝜇 + 𝜎𝑍 

So 𝐸(𝑋|𝑋 > 0) = 𝐸(𝜇 + 𝜎𝑍|𝜇 + 𝜎𝑍 > 0) 

= 𝜇 + 𝜎𝐸(𝑍|𝑍 > −
𝜇

𝜎
)   (1) 

 

𝑚 = 𝐸(|𝑋|) = 𝑃(𝑋 > 0)𝐸(𝑋|𝑋 > 0) + 𝑃(𝑋 < 0)𝐸(−𝑋|𝑋 < 0)   

Let 𝑌 = −𝑋.  

Then 𝐸(−𝑋|𝑋 < 0) = 𝐸(𝑌|𝑌 > 0) = −𝜇 + 𝜎𝐸(𝑍|𝑍 >
𝜇

𝜎
), from (1) 

since  𝐸(𝑌) = −𝜇  &  𝑉𝑎𝑟(𝑌) = 𝜎2 

So    𝑚 = 𝑃 (𝑍 > −
𝜇

𝜎
) [𝜇 + 𝜎𝐸 (𝑍|𝑍 > −

𝜇

𝜎
)]  

+(1 − 𝑃 (𝑍 > −
𝜇

𝜎
)) [−𝜇 + 𝜎𝐸 (𝑍|𝑍 >

𝜇

𝜎
)]  

= [1 − Φ(−
𝜇

𝜎
)] [𝜇 + 𝜎 (

𝑒𝑥𝑝 (−
1
2

(−
𝜇
𝜎

)
2

) − 𝑒𝑥𝑝(−∞)

√2𝜋 (1 − Φ(−
𝜇
𝜎

))
)] 



 fmng.uk 

2 
 

+Φ(−
𝜇

𝜎
) [−𝜇 + 𝜎 (

𝑒𝑥𝑝 (−
1
2

(
𝜇
𝜎

)
2

) − 𝑒𝑥𝑝(−∞)

√2𝜋 (1 − Φ(
𝜇
𝜎

))
)] 

[Note: 1 − Φ(−
𝜇

𝜎
) could have been written as  Φ(

𝜇

𝜎
), but the 

required result involves Φ(−
𝜇

𝜎
)] 

= 𝜇 (1 − 2Φ (−
𝜇

𝜎
)) +

𝜎

√2𝜋
 𝑒𝑥𝑝 (−

1

2
(−

𝜇

𝜎
)

2
) 

+
𝜎

√2𝜋
 [1 − Φ(

𝜇

𝜎
)] (

𝑒𝑥𝑝(−
1

2
(

𝜇

𝜎
)

2
)

√2𝜋(1−Φ(
𝜇

𝜎
))

) 

= 𝜇 (1 − 2Φ (−
𝜇

𝜎
)) +

2𝜎

√2𝜋
 𝑒𝑥𝑝 (−

1

2

𝜇2

𝜎2) 

= 𝜇 (1 − 2Φ (−
𝜇

𝜎
)) + 𝜎√

2

𝜋
 𝑒𝑥𝑝 (−

1

2

𝜇2

𝜎2), as required 

 

𝑉𝑎𝑟(|𝑋|) = 𝐸(|𝑋|2) − [𝐸(|𝑋|)]2 = 𝐸(𝑋2) − 𝑚2  

&  𝜎2 = 𝐸(𝑋2) − 𝜇2 

so that  𝑉𝑎𝑟(|𝑋|) = 𝜎2 + 𝜇2 − 𝑚2 


