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STEP 2012, Paper 2, Q13  - Solutions (15/7/18; 2 pages) 

 

Let  X be the number of supermarkets in a circular region of 

radius y,  so that 𝑋~𝑃𝑜(𝑘𝜋𝑦2) 

𝑃(𝑋 = 0) = 𝑒−𝑘𝜋𝑦2
  

 

Consider a circle of radius y about the chosen point. 

𝑃(𝑌 < 𝑦) = 1 − 𝑃(𝑌 > 𝑦) = 1 − 𝑃(𝑋 = 0) = 1 − 𝑒−𝑘𝜋𝑦2
  

[This is the cumulative distribution function of Y] 

pdf of Y =
𝑑

𝑑𝑦
(1 − 𝑒−𝑘𝜋𝑦2

) = 2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2
, as required 

 

𝐸(𝑌) = ∫ 𝑦(
∞

0
2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2

)𝑑𝑦  

Integrating by Parts,  ∫  2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2
𝑑𝑦 = −𝑒−𝜋𝑘𝑦2

, 

so that   𝐸(𝑌) = [𝑦(−𝑒−𝜋𝑘𝑦2
)]

∞
0

− ∫  
∞

0
− 𝑒−𝜋𝑘𝑦2

𝑑𝑦  

= (0 − 0) + ∫  
∞

0
𝑒−𝜋𝑘𝑦2

𝑑𝑦  

We are given that  ∫  
∞

0
𝑒−

𝑥2

2 𝑑𝑥 = √
𝜋

2
 

Let  𝑥 = 𝑦√2𝜋𝑘 

Then  𝑑𝑥 = 𝑑𝑦√2𝜋𝑘    and  ∫  
∞

0
𝑒−

𝑥2

2 𝑑𝑥 = √2𝜋𝑘 ∫  
∞

0
𝑒−𝜋𝑘𝑦2

𝑑𝑦 , 

so that  𝐸(𝑌) =
√

𝜋

2

√2𝜋𝑘
=

1

2√𝑘
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𝑉𝑎𝑟(𝑋) = 𝐸(𝑌2) − [𝐸(𝑌)]2  

𝐸(𝑌2) = ∫ 𝑦2(
∞

0
2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2

)𝑑𝑦  

By Parts again,  𝐸(𝑌2) = [𝑦2(−𝑒−𝜋𝑘𝑦2
)]

∞
0

− ∫  
∞

0
− 2𝑦𝑒−𝜋𝑘𝑦2

𝑑𝑦  

= (0 − 0) +
1

𝜋𝑘
∫  

∞

0
2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2

𝑑𝑦 =
1

𝜋𝑘
 , as  2𝜋𝑦𝑘𝑒−𝜋𝑘𝑦2

 is the pdf 

So  𝑉𝑎𝑟(𝑌) =
1

𝜋𝑘
− (

1

2√𝑘
)

2
=

4−𝜋

4𝜋𝑘
  , as required 


