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STEP 2012, Paper 1, Q9 – Solution (3 pages; 15/6/18) 

 

Please note: The official 2012 "Hints and Answers" are mainly 

hints rather than answers, so the following sol'n hasn't been 

checked against anything. 

 

 

 

𝑦 = 2.5 + 𝑢𝑡 +
1

2
𝑎𝑡2 ⇒  

when shot hits the ground, 0 = 2.5 + 10𝑠𝑖𝑛𝜃. 𝑡 − 5𝑡2 

⇒ 10𝑡2 − 20𝑠𝑖𝑛𝜃. 𝑡 − 5 = 0  

⇒ 2𝑡2 − 4𝑠𝑖𝑛𝜃. 𝑡 − 1 = 0  

⇒ 𝑡 =
4𝑠𝑖𝑛𝜃±√16𝑠𝑖𝑛2𝜃+8

4
= 𝑠𝑖𝑛𝜃 +

1

2
√4𝑠𝑖𝑛2𝜃 + 2 , rejecting 𝑡 < 0 

Then, as 𝑠𝑖𝑛2𝜃 =
1

2
(1 − cos(2𝜃)), 

𝑡 =
√1−𝑐

√2
+

1

2
√2(1 − 𝑐) + 2 =

1

√2
(√1 − 𝑐 + √2 − 𝑐) ,  

as required 

 

Range = 10𝑐𝑜𝑠𝜃 . 𝑡 =
10𝑐𝑜𝑠𝜃

√2
(√1 − 𝑐 + √2 − 𝑐)  
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Let  𝑅′ = 𝑐𝑜𝑠𝜃(√1 − 𝑐 + √2 − 𝑐) 

The range is maximised when 
𝑑𝑅′

𝑑𝜃
= 0 

𝑑𝑅′

𝑑𝜃
 = −𝑠𝑖𝑛𝜃(√1 − 𝑐 + √2 − 𝑐) 

+cosθ{
1

2
(1 − 𝑐)−

1

2(−1)  +
1

2
(2 − 𝑐)−

1

2(−1)}
𝑑𝑐

𝑑𝜃
  

= −𝑠𝑖𝑛𝜃(√1 − 𝑐 + √2 − 𝑐)  

+cosθ {
1

2
(1 − 𝑐)−

1

2(−1)  +
1

2
(2 − 𝑐)−

1

2(−1)} (−1)sin(2𝜃)(2)  

𝑑𝑅′

𝑑𝜃
= 0 ⇒ −𝑠𝑖𝑛𝜃(√1 − 𝑐 + √2 − 𝑐)  

+cosθsin(2θ) {
1

√1−𝑐
+

1

√2−𝑐
} = 0  

⇒
𝑠𝑖𝑛𝜃

√1−𝑐√2−𝑐
{−(1 − 𝑐)√2 − 𝑐 − (2 − 𝑐)√1 − 𝑐  

+2𝑐𝑜𝑠2𝜃[√2 − 𝑐 + √1 − 𝑐 ]} = 0  

⇒ √2 − 𝑐 (𝑐 − 1 + 1 + 𝑐) + √1 − 𝑐 (𝑐 − 2 + 1 + 𝑐) = 0 , 

as 2𝑐𝑜𝑠2𝜃 = 1 + 𝑐    (with 𝑠𝑖𝑛𝜃 = 0 giving the minimum range) 

⇒ 2𝑐√2 − 𝑐  + √1 − 𝑐 (2𝑐 − 1) = 0  

⇒ 2𝑐√2 − 𝑐 = √1 − 𝑐 (1 − 2𝑐)   

⇒ 4𝑐2(2 − 𝑐) = (1 − 4𝑐 + 4𝑐2)(1 − 𝑐)  

⇒ 8𝑐2 = 1 − 4𝑐 + 4𝑐2 − 𝑐 + 4𝑐2  

⇒ 0 = 1 − 5𝑐  

⇒ 𝑐 = 1/5 , as required 

 

Let  𝑅(𝑐) =
10𝑐𝑜𝑠𝜃

√2
(√1 − 𝑐 + √2 − 𝑐) 

=
10√

1+𝑐

2

√2
(√1 − 𝑐 + √2 − 𝑐) = 5√1 + 𝑐(√1 − 𝑐 + √2 − 𝑐)  
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The required extra distance = 𝑅 (
1

5
) − 𝑅(0) (as cos(2(45)) = 0) 

= 5√
6

5
(√

4

5
+ √

9

5
 ) − 5(1 + √2 ) 

= 2√6 + 3√6 − 5(1 + √2)  

= 5(√6 − √2 − 1) m , as required 

 


