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STEP 2011, Paper 3, Q7 - Solution (3 pages; 12/6/18)
(i) Whenn = 2,
T,=(Na+1+Va)?=(a+1)+a+2/(a+1a

— 4, +B,J@+ Da,

where 4, =2a+1 &B, =2

And a(a+ 1)By* +1=4a’+4a+ 1= (2a +1)? = 4,%,

so that the required result is true for n = 2

Assume now that the result is true for n = k (even).

We wish to show that the result will then be true forn = k + 2

Tk+2 = (Ax + ByrJala + 1))(A; + ByyJala + 1))
= AxA; + BiBya(a + 1) + (AxB, + ByAz)\Ja(a + 1)
Setting By, = AB, + BxA, and Ay,,°> = a(a + 1)Bri,* + 1,
we need to show that A, = Ay A, + ByB,a(a + 1),
or equivalently that
{ArA, + ByBya(a+ 1)Y= a(a + 1By, + 1
or that A,%A,* + Bx’B,%a?(a + 1)? + 24, 4,B,B,a(a + 1)

—a(a+ 1)(AxB, + BA,)2 —1=0 (1)

LHS of (1)
= A 2A,* + Bi’By%a?(a + 1)? + 24,A,B,Bya(a + 1)
—a(a + 1)A4,°B,* —a(a + 1)B,%A,* — 2a(a + 1)AB,B A, — 1
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={a(a + DB,* + 1}{a(a + 1)B,* + 1}
+B,*B,%a%(a + 1)? — a(a + Dfa(a + 1)B;* + 1}B,*

—a(a + DB *{a(a + DB,* + 1} -1

=(1-1)+4ala+1B,*{1 -1} + a(a+ 1)B,*{1 -1}
+a?(a + 1)?B, B,2{1+1—1— 1} = 0, as required.
Thus, if the given result is true for n = k, it is true forn = k + 2

Asitis true for n = 2, it follows that it is true for n = 4,6,8, ..., and
hence by the principle of induction it is true for all even n.

(iD)Ifn=1, then C, =D, =1,and (a + 1)C,* = a + 1,
whilst aD,,>+1=a+1 also.

Ifnisoddand > 1,thenT, = (Wa+ 1 +Va)Wa + 1 +Va)* 7},

which from (i) can be written in the form

(Va+1+Va)(An-q + Byp_sala + 1),

(where 4,_;> =a(a+1)B,_;* +1) (2)

=Va+ 1{Ap_1 + aB,_1} +Va{A,_, + (a + 1)Bp_}
Setting C, = A,_1 + aB,_1

and D, =A,_4+(a+1)B,_{,

We want to show that (a + 1)C,* = aD,,> +1 (3)
(a +1)C,* —aD,* -1

=(@a+1)Ap-1 + aBn—l)2 —a(Ap-q1 + (a + 1)Bn—1)2 -1
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=A, ;*(a+1—a)+B,_*{(a+1)a?—a(a+ 1%}

+2A4,,_1B,_1{(a+1Da—ala+1)} -1

=A, °+B, *(a+Da(a—[a+1]) -1
=A,_1°—B,_;*(a+1Da-1

= 0, from (2)

Thus (3) is satisfied.

(iii) When niseven, 4,* — B,%a(a+1) =1
and when n is odd, an(a +1)— Dnza =1,

as required.



