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STEP 2011, Paper 3, Q6 – Solution (2 pages; 12/6/18) 

To get from T to V, Parts looks promising: 

∫
𝑎𝑟𝑡𝑎𝑛ℎ𝑡

𝑡
 𝑑𝑡 = [𝑎𝑟𝑡𝑎𝑛ℎ𝑡. 𝑙𝑛𝑡]

1

2
1

3

− ∫
𝑙𝑛𝑡

1−𝑡2  𝑑𝑡
1/2

1/3

1/2

1/3
  

From the formulae booklet,  

[𝑎𝑟𝑡𝑎𝑛ℎ𝑡. 𝑙𝑛𝑡]

1

2
1

3

= [
1

2
𝑙𝑛 (

1+𝑡

1−𝑡
) 𝑙𝑛𝑡]

1/2
1/3

   (as |t|<1) 

=
1

2
{𝑙𝑛 (

3

2
1

2

) 𝑙𝑛 (
1

2
) − 𝑙𝑛 (

4

3
2

3

) 𝑙𝑛 (
1

3
)}  

= −1/2{𝑙𝑛3𝑙𝑛2 − 𝑙𝑛2𝑙𝑛3} = 0  

So ∫
𝑎𝑟𝑡𝑎𝑛ℎ𝑡

𝑡
 𝑑𝑡 = − ∫

𝑙𝑛𝑡

1−𝑡2  𝑑𝑡
1/2

1/3

1/2

1/3
,  and thus  𝑇 = 𝑉 

 

For U, we can try using the definition of 𝑠𝑖𝑛ℎ𝑢 as 
1

2
(𝑒𝑢 − 𝑒−𝑢), 

with a view to making the substitution 𝑧 = 𝑒𝑢, so that the limits 

𝑙𝑛2  &  𝑙𝑛3 are converted to 2 & 3; a further reciprocal 

substitution may then lead us to V (it isn't clear what will happen 

to the integrand itself, but the presence of exponential and log 

functions between U & V is encouraging). 

So  𝑈 = ∫
𝑢

𝑒𝑢−𝑒−𝑢 𝑑𝑢 =
𝑙𝑛3

𝑙𝑛2 ∫
𝑢𝑒𝑢

𝑒2𝑢−1
𝑑𝑢

𝑙𝑛3

𝑙𝑛2
 

Let  𝑧 = 𝑒𝑢, so that 𝑑𝑧 = 𝑒𝑢𝑑𝑢 

and 𝑈 = ∫
𝑙𝑛𝑧

𝑧2−1
𝑑𝑧

3

2
 

Then let 𝑣 = 1/𝑧 , so that 𝑑𝑣 = −
1

𝑧2 𝑑𝑧 
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and  𝑈 = ∫
−𝑙𝑛𝑣

(
1

𝑣2−1)
(−

1

𝑣2 𝑑𝑣)
1/3

1/2
 

= ∫
𝑙𝑛𝑣

1−𝑣2 𝑑𝑣 =
1/3

1/2
− ∫

𝑙𝑛𝑣

1−𝑣2 𝑑𝑣 = 𝑉
1/2

1/3
  

 

For X, Parts could work, integrating 1 to give 𝑥 (to become the 𝑢 

in U), and noting that 
𝑑

𝑑𝑥
𝑙𝑛(𝑐𝑜𝑡ℎ𝑥) =

1

𝑐𝑜𝑡ℎ𝑥

𝑑

𝑑𝑥
(𝑐𝑜𝑡ℎ𝑥), which may 

(if we're lucky) lead us to the 𝑠𝑖𝑛ℎ𝑢; bearing in mind that the 

limits of U & X are only related by 𝑢 = 2𝑥 

Thus  
1

𝑐𝑜𝑡ℎ𝑥

𝑑

𝑑𝑥
(𝑐𝑜𝑡ℎ𝑥) = 𝑡𝑎𝑛ℎ𝑥

𝑑

𝑑𝑥
(

1

𝑡𝑎𝑛ℎ𝑥
) 

= 𝑡𝑎𝑛ℎ𝑥(−1)(𝑡𝑎𝑛ℎ𝑥)−2𝑠𝑒𝑐ℎ2𝑥 = −
𝑐𝑜𝑠ℎ𝑥

𝑠𝑖𝑛ℎ𝑥(𝑐𝑜𝑠ℎ𝑥)2 = −
2

𝑠𝑖𝑛ℎ(2𝑥)
   

So, applying Parts, 𝑋 = [𝑥𝑙𝑛(𝑐𝑜𝑡ℎ𝑥)]

1

2
𝑙𝑛3

1

2
𝑙𝑛2

− ∫
−2𝑥

𝑠𝑖𝑛ℎ(2𝑥)
𝑑𝑥

1

2
𝑙𝑛3

1

2
𝑙𝑛2

 

Now, 𝑐𝑜𝑡ℎ𝑥 =
𝑒𝑥+𝑒−𝑥

𝑒𝑥−𝑒−𝑥 =
𝑒2𝑥+1

𝑒2𝑥−1
 , 

so that 𝑐𝑜𝑡ℎ (
1

2
𝑙𝑛3) =

3+1

3−1
= 2  & 𝑐𝑜𝑡ℎ (

1

2
𝑙𝑛2) =

2+1

2−1
= 3   

and thus, with 𝑢 = 2𝑥, so that 𝑑𝑢 = 2𝑑𝑥, 

 𝑋 = {
1

2
𝑙𝑛3𝑙𝑛2 −

1

2
𝑙𝑛2𝑙𝑛3} + ∫

𝑢

2𝑠𝑖𝑛ℎ𝑢
𝑑𝑢 = 𝑈

𝑙𝑛3

𝑙𝑛2
 

 

Thus we have shown that 𝑇 = 𝑉, 𝑈 = 𝑉 & 𝑋 = 𝑈, and so the 4 

integrals are equal. 

 


