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STEP 2011, Paper 3, Q5 - Solution (2 pages; 12/6/18)
r2df = r2 49 -dt (1)
[in order to obtain a Z—f term: |

Differentiate each of x = rcosf & y = rsinf (2) wrtt:

dx dr ar . dae
— = - cost — rsm@ — (3) & Y= = —sinf +rcos6 — (4)

L d
[Eliminating the unwanted d—z term:]

sing X (3) — cosf x (4):

dx . dy . o do
—sinf — —=cosO = —rsin’0 — — rcos?0 —
dt dt dt dt

Multiplying by r, and applying (2):

ax , _ &y 249
a? "t T T
240 = 2d9 — (¥ _
Then, from (1), r“d0 =r dt ( ” ydt)dt as required

A: (x — acost,y — asint)

B: (x + bcost,y + bsint)

From (¥*), [4] =
dx
j (x — acost)(—— acost) — (y — asmt)( + asmt) dt
1 2m, dy dx
=3l rg —yg)dt
12m, _ ay . 2.2
+2f0 (—xacost — acost It +a“cos“t

. . d .
—yasint + asmtd—): + a’sin’t) dt
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_ 1 2T . dy . . _ dx
= [P] + - fo acost (x + —dt) asint (y —dt) dt

1 021
+5f0 Clzdt
= [P] — af +%a2(2n)

= [P] + ma? — af , as required

From (*), [B] =

1 (2" dy . dx .
Efo (x + bcost) (E + bcost) — (y + bsint) (E — bsmt> dt

_ 12 dy  dx
_zfo (xdt dt)dt

+%f02n(xbcost + bcost% + b?cos?t
+ybsint — bsint% + b%sin?t) dt

2 d . d
= [P] +%f0nbcost (x + d—f) + bsint (y — d—:) dt
1 p2m 42
+- [y bdt
= [P] + bf +-b?(2m)

= [P] + wb? + bf

The required area is [A] — [P] and [B] = [4]
Eliminating f from the expressions for [A] & [B],

_ [P]+ma?—[A] &f = [B]-[P]-mb?
a b

Hence b[P] + ma?b — b[A] = a[B] — a[P] — mab?
and (a + b)[P] — (a + b)[A] = —mab(b + a),
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so that [A] — [P] = mab, as required.



