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STEP 2011, Paper 3, Q5 – Solution (2 pages; 12/6/18) 

𝑟2𝑑𝜃 = 𝑟2 𝑑𝜃

𝑑𝑡
𝑑𝑡   (1) 

[in order to obtain a 
𝑑𝜃

𝑑𝑡
 term: ] 

Differentiate each of  𝑥 = 𝑟𝑐𝑜𝑠𝜃 & 𝑦 = 𝑟𝑠𝑖𝑛𝜃   (2)  wrt 𝑡: 

𝑑𝑥

𝑑𝑡
=

𝑑𝑟

𝑑𝑡
𝑐𝑜𝑠𝜃 − 𝑟𝑠𝑖𝑛𝜃

𝑑𝜃

𝑑𝑡
  (3) &  

𝑑𝑦

𝑑𝑡
=

𝑑𝑟

𝑑𝑡
𝑠𝑖𝑛𝜃 + 𝑟𝑐𝑜𝑠𝜃

𝑑𝜃

𝑑𝑡
  (4)  

[Eliminating the unwanted 
𝑑𝑟

𝑑𝑡
  term:] 

𝑠𝑖𝑛𝜃 × (3) − 𝑐𝑜𝑠𝜃 × (4):  

𝑑𝑥

𝑑𝑡
𝑠𝑖𝑛𝜃 −

𝑑𝑦

𝑑𝑡
𝑐𝑜𝑠𝜃 = −𝑟𝑠𝑖𝑛2𝜃

𝑑𝜃

𝑑𝑡
− 𝑟𝑐𝑜𝑠2𝜃

𝑑𝜃

𝑑𝑡
  

Multiplying by 𝑟, and applying (2): 

𝑑𝑥

𝑑𝑡
𝑦 −

𝑑𝑦

𝑑𝑡
𝑥 = −𝑟2 𝑑𝜃

𝑑𝑡
  

Then, from (1), 𝑟2𝑑𝜃 = 𝑟2 𝑑𝜃

𝑑𝑡
𝑑𝑡 = (𝑥

𝑑𝑦

𝑑𝑡
− 𝑦

𝑑𝑥

𝑑𝑡
) 𝑑𝑡  , as required  

 

𝐴: (𝑥 − 𝑎𝑐𝑜𝑠𝑡, 𝑦 − 𝑎𝑠𝑖𝑛𝑡)  

𝐵: (𝑥 + 𝑏𝑐𝑜𝑠𝑡, 𝑦 + 𝑏𝑠𝑖𝑛𝑡)  

 

From (*), [𝐴] = 

1

2
∫ (𝑥 − 𝑎𝑐𝑜𝑠𝑡)(

𝑑𝑦

𝑑𝑡
− 𝑎𝑐𝑜𝑠𝑡

2𝜋

0

) − (𝑦 − 𝑎𝑠𝑖𝑛𝑡) (
𝑑𝑥

𝑑𝑡
+ 𝑎𝑠𝑖𝑛𝑡) 𝑑𝑡 

=
1

2
∫ (𝑥

𝑑𝑦

𝑑𝑡

2𝜋
0

− 𝑦
𝑑𝑥

𝑑𝑡
)𝑑𝑡  

+
1

2
∫ (−𝑥𝑎𝑐𝑜𝑠𝑡 − 𝑎𝑐𝑜𝑠𝑡

𝑑𝑦

𝑑𝑡
+ 𝑎2𝑐𝑜𝑠2𝑡

2𝜋

0
  

               −𝑦𝑎𝑠𝑖𝑛𝑡 + 𝑎𝑠𝑖𝑛𝑡
𝑑𝑥

𝑑𝑡
+ 𝑎2𝑠𝑖𝑛2𝑡) 𝑑𝑡 
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= [𝑃] +
1

2
∫ −𝑎𝑐𝑜𝑠𝑡 (𝑥 +

𝑑𝑦

𝑑𝑡
) − 𝑎𝑠𝑖𝑛𝑡 (𝑦 −

𝑑𝑥

𝑑𝑡
) 𝑑𝑡

2𝜋

0
  

+
1

2
∫ 𝑎2𝑑𝑡

2𝜋
0

  

= [𝑃] − 𝑎𝑓 +
1

2
𝑎2(2𝜋)  

= [𝑃] + 𝜋𝑎2 − 𝑎𝑓 , as required 

 

From (*), [𝐵] = 

1

2
∫ (𝑥 + 𝑏𝑐𝑜𝑠𝑡)(

𝑑𝑦

𝑑𝑡
+ 𝑏𝑐𝑜𝑠𝑡

2𝜋

0

) − (𝑦 + 𝑏𝑠𝑖𝑛𝑡) (
𝑑𝑥

𝑑𝑡
− 𝑏𝑠𝑖𝑛𝑡) 𝑑𝑡 

=
1

2
∫ (𝑥

𝑑𝑦

𝑑𝑡

2𝜋
0

− 𝑦
𝑑𝑥

𝑑𝑡
)𝑑𝑡  

+
1

2
∫ (𝑥𝑏𝑐𝑜𝑠𝑡 + 𝑏𝑐𝑜𝑠𝑡

𝑑𝑦

𝑑𝑡
+ 𝑏2𝑐𝑜𝑠2𝑡

2𝜋

0
  

               +𝑦𝑏𝑠𝑖𝑛𝑡 − 𝑏𝑠𝑖𝑛𝑡
𝑑𝑥

𝑑𝑡
+ 𝑏2𝑠𝑖𝑛2𝑡) 𝑑𝑡 

= [𝑃] +
1

2
∫ 𝑏𝑐𝑜𝑠𝑡 (𝑥 +

𝑑𝑦

𝑑𝑡
) + 𝑏𝑠𝑖𝑛𝑡 (𝑦 −

𝑑𝑥

𝑑𝑡
) 𝑑𝑡

2𝜋

0
  

+
1

2
∫ 𝑏

2
𝑑𝑡

2𝜋
0

  

= [𝑃] + 𝑏𝑓 +
1

2
𝑏2(2𝜋)  

= [𝑃] + 𝜋𝑏2 + 𝑏𝑓  

 

The required area is [𝐴] − [𝑃]   and  [𝐵] = [𝐴] 

Eliminating 𝑓 from the expressions for [𝐴] & [𝐵], 

𝑓 =
[𝑃]+𝜋𝑎2−[𝐴]

𝑎
 & 𝑓 =

[𝐵]−[𝑃]−𝜋𝑏2

𝑏
  

Hence  𝑏[𝑃] + 𝜋𝑎2𝑏 − 𝑏[𝐴] = 𝑎[𝐵] − 𝑎[𝑃] − 𝜋𝑎𝑏2 

and  (𝑎 + 𝑏)[𝑃] − (𝑎 + 𝑏)[𝐴] = −𝜋𝑎𝑏(𝑏 + 𝑎), 
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so that  [𝐴] − [𝑃] = 𝜋𝑎𝑏, as required.    

 

 


