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STEP 2011, Paper 3, Q12 – Solution (3 pages; 12/6/18) 

[The standard results for the pgf of 𝑋, 𝐺(𝑡) = ∑ 𝑝𝑘𝑡𝑘∞
𝑘=0  are that 

𝐸(𝑋) = 𝐺′(1) &  𝑉𝑎𝑟(𝑋) = 𝐺′′(1) + 𝐺′(1) − [𝐺′(1)]2 (as can be 

seen by differentiating ∑ 𝑝𝑘𝑡𝑘∞
𝑘=0  twice).] 

𝐸(𝑌) =
𝑑

𝑑𝑡
𝐺(𝐻(𝑡))|𝑡 = 1 = 𝐺′(𝐻(𝑡))𝐻′(𝑡)|𝑡 = 1  

[Note that  𝐺′(𝐻(𝑡)) means 
𝑑

𝑑𝜆
𝐺(𝜆), where 𝜆 = 𝐻(𝑡)] 

Then, as 𝐻(1) = 1,  𝐸(𝑌) = 𝐺′(1)𝐻′(1) = 𝐸(𝑁)𝐸(𝑋𝑖) 

And  𝑉𝑎𝑟(𝑌) =
𝑑2

𝑑𝑡2 𝐺(𝐻(𝑡))|(𝑡 = 1) + 𝐸(𝑌) − [𝐸(𝑌)]2 

where 
𝑑2

𝑑𝑡2 𝐺(𝐻(𝑡)) =
𝑑

𝑑𝑡
{𝐺′(𝐻(𝑡))𝐻′(𝑡)} 

= {𝐺′′(𝐻(𝑡))𝐻′(𝑡)}𝐻′(𝑡) + 𝐺′(𝐻(𝑡))𝐻′′(𝑡)  

so that 

  
𝑑2

𝑑𝑡2 𝐺(𝐻(𝑡))|(𝑡 = 1) = {𝐺′′(𝐻(1))𝐻′(1)}𝐻′(1) + 𝐺′(𝐻(1))𝐻′′(1) 

= 𝐺′′(1)[𝐸(𝑋𝑖)]2 + 𝐺′(1){𝑉𝑎𝑟(𝑋𝑖) − 𝐸(𝑋𝑖) + [𝐸(𝑋𝑖)]2}  

= {𝑉𝑎𝑟(𝑁) − 𝐸(𝑁) + [𝐸(𝑁)]2}[𝐸(𝑋𝑖)]2  

+𝐸(𝑁){𝑉𝑎𝑟(𝑋𝑖) − 𝐸(𝑋𝑖) + [𝐸(𝑋𝑖)]2}   

and  𝑉𝑎𝑟(𝑌) = {𝑉𝑎𝑟(𝑁) − 𝐸(𝑁) + [𝐸(𝑁)]2}[𝐸(𝑋𝑖)]2 

+𝐸(𝑁){𝑉𝑎𝑟(𝑋𝑖) − 𝐸(𝑋𝑖) + [𝐸(𝑋𝑖)]2}   

+𝐸(𝑁)𝐸(𝑋𝑖) − [𝐸(𝑁)𝐸(𝑋𝑖)]2  

= 𝑉𝑎𝑟(𝑁)[𝐸(𝑋𝑖)]2 + 𝐸(𝑁)𝑉𝑎𝑟(𝑋𝑖)  

[This is, of course, a fairly standard result.] 
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For the coin, 𝑁 has a Geometric distribution, and therefore (from 

the Formulae booklet), a pgf of  𝐺(𝑡) =
0.5𝑡

1−0.5𝑡
=

𝑡

2−𝑡
 

𝑌 = ∑ 𝑋𝑖
𝑁
𝑖=1  , where 𝑋𝑖~𝐵(1,0.5) 

Thus the 𝑋𝑖  have pgf   𝐻(𝑡) = 1 − 0.5 + 0.5𝑡 =
1

2
(1 + 𝑡)   

(again from the Formulae booklet). 

Then, applying the earlier results, the pgf of 𝑌 is 

 𝐺(𝐻(𝑡)) =
1

2
(1+𝑡) 

2−
1

2
(1+𝑡)

=
1+𝑡

4−(1+𝑡)
=

1+𝑡

3−𝑡
 

𝐸(𝑁) =
1

(
1

2
)

= 2  (from the Formulae booklet) [quicker than 

finding 𝐺′(1)] 

𝐸(𝑌) = 𝐸(𝑁)𝐸(𝑋𝑖) = 2(
1

2
)  = 1 

𝑉𝑎𝑟(𝑁) =
1−

1

2

(
1

2
)

2 = 2  (again from the Formulae booklet) 

𝑉𝑎𝑟(𝑋𝑖) = (1)(0.5)(0.5) = 1/4  

So  𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟(𝑁)[𝐸(𝑋𝑖)]2 + 𝐸(𝑁)𝑉𝑎𝑟(𝑋𝑖) 

= 2 (
1

4
) + 2 (

1

4
) = 1  

And 𝑃(𝑌 = 𝑟) = coefficient of 𝑡𝑟  in 

  
1+𝑡

3−𝑡
=

1

3
(1 + 𝑡) (1 −

𝑡

3
)

−1
=

1

3
(1 + 𝑡)(1 +

𝑡

3
+ (

𝑡

3
)

2
+ ⋯ ) 

For 𝑟 = 0, coefficient of 𝑡𝑟  is  
1

3
 

For 𝑟 > 0, coefficient of 𝑡𝑟  is   

1

3
{(

1

3
)

𝑟
+ (

1

3
)

𝑟−1
} = (

1

3
)

𝑟
{

1

3
+ 1} =

4

3
(

1

3
)

𝑟
=

4

3𝑟+1  
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