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STEP 2011, Paper 3, Q10 – Solution (3 pages; 12/6/18) 

Let 𝑥𝑃 & 𝑥𝑄 be the displacements of 𝑃 & 𝑄 (see Fig. 1). 

 

 

 

 

 

 

 

 

 

 

 

 

We want to find 𝑥𝑃 when 𝑎 + 𝑥𝑃 − 𝑥𝑄 = 𝑎; ie when 𝑥𝑃 = 𝑥𝑄 

Let  𝑣𝑃 = �̇�𝑃 & 𝑣𝑄 = �̇�𝑄 be the velocities of the particles. 

By conservation of energy, 
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𝑘(𝑥𝑃 − 𝑥𝑄)2,      (1) 

where 𝑘 is the stiffness of the string (the last term being the 

elastic PE) 

Also, by conservation of momentum, 

𝑚𝑢 = 𝑚𝑣𝑃 + 𝑚𝑣𝑄     (2) 

And  𝑚�̈�𝑃 = −𝑘(𝑥𝑃 − 𝑥𝑄)  , provided that  𝑥𝑃 − 𝑥𝑄 > 0    (3) 
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Integrating (2), 𝑢𝑡 = 𝑥𝑃 + 𝑥𝑄 + 𝐴 

and 𝑡 = 0, 𝑥𝑃 = 0, 𝑥𝑄 = 0 ⇒ 𝐴 = 0  

so that  𝑢𝑡 = 𝑥𝑃 + 𝑥𝑄   (4) 

 

Then, combining (1) & (3), and writing  �̈�𝑃 = �̇�𝑃, 
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and so from (2), 𝑢2 = 𝑣𝑃
2 + (𝑢 − 𝑣𝑃)2 +

𝑚

𝑘
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Also 𝑘 =
1

2
𝑚𝑎𝜔2

𝑎
  , so that √

2𝑘

𝑚
= 𝜔, 

and so (5) ⇒ 𝜔𝑡 = 𝑎𝑟𝑐𝑠𝑖𝑛 (
𝑣𝑝−

𝑢

2
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and hence sin(𝜔𝑡 − 𝐵) =
𝑣𝑝−

𝑢

2
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2

 , 

giving  𝑣𝑝 =
𝑢
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sin(𝜔𝑡 − 𝐵) +

𝑢
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Then 𝑡 = 0, 𝑣𝑝 = 𝑢 ⇒ 𝑢 =
𝑢

2
sin(−𝐵) +

𝑢

2
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⇒ −𝐵 =
𝜋

2
   and so   𝑣𝑝 =

𝑢

2
sin (𝜔𝑡 +

𝜋

2
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𝑢

2
 

or  𝑣𝑝 =
𝑢

2
(cos(𝜔𝑡) + 1)    (6) 

 

Integrating (6):  𝑥𝑝 =
𝑢𝜔

2
sin(𝜔𝑡) +

𝑢

2
𝑡 + 𝐶 

and  𝑡 = 0, 𝑥𝑝 = 0 ⇒ 𝐶 = 0 

and so  𝑥𝑝 =
𝑢𝜔

2
sin(𝜔𝑡) +

𝑢

2
𝑡   (7) 

 

As mentioned earlier, when the string is next of length 𝑎, 

𝑥𝑃 = 𝑥𝑄 , 𝑡 = 𝑇1(𝑠𝑎𝑦) ⇒ (from (4)) 𝑢𝑇1 = 2𝑥𝑃    (8) 

Thus, from (7), 
𝑢𝜔

2
sin(𝜔𝑇1) = 0, and so  𝑇1 =

𝜋

𝜔
 

and from (8),  𝑥𝑃 =
𝑢𝑇1

2
=

𝑢𝜋

2𝜔
 , as required. 

 

From (6),  𝑣𝑝 =
𝑢

2
(cos(𝜔𝑡) + 1),  

and so at 𝑡 = 𝑇1, 𝑣𝑝 = 0 

Then, from (2), 𝑣𝑄 = 𝑢 

 

After time 𝑇1, the string is slack, and so the particles collide after a 

further time 
𝑎

𝑢
 ; ie at total time 
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𝜔
+
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