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STEP 2011, Paper 2, Q5 – Solution (2 pages; 12/6/18) 

 

 

 

 

 

 

 

 

(The diagram is for an acute 𝜃 only.) 

𝑐 = 𝑘𝑎 − (𝑏 − 𝑘𝑎) , for some real 𝑘 

= 2𝑘𝑎 − 𝑏   

= 𝜆𝑎 − 𝑏  (say) 

Also, 𝑎. 𝑏 = 𝑐𝑜𝑠𝜃 = 𝑎. 𝑐 = 𝑎. (𝜆𝑎 − 𝑏) = 𝜆𝑎. 𝑎 − 𝑎. 𝑏, 

so that  2𝑎. 𝑏 = 𝜆𝑎. 𝑎   and  𝜆 =
2𝑎.𝑏

𝑎.𝑎
 

2nd part 

From the 1st part, 𝑑 = 𝜃𝑏 − 𝑐 , where 𝜃 =
2𝑏.𝑐

𝑏.𝑏
 

= 𝜃𝑏 − (𝜆𝑎 − 𝑏) = (𝜃 + 1)𝑏 − 𝜆𝑎  

⇒ 𝜇 =
2𝑏.𝑐

𝑏.𝑏
+ 1 =

2𝑏.(𝜆𝑎−𝑏)

𝑏.𝑏
+ 1  

=
2𝜆𝑏.𝑎

𝑏.𝑏
− 1 =

4(𝑎.𝑏)2

(𝑎.𝑎)(𝑏.𝑏)
− 1   

3rd part 
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In general, points on the line through 𝑎 & 𝑏 can be expressed as 

𝛾𝑎 + (1 − 𝛾) 𝑏 ; thus, as 𝑑 is such a point, 𝜇 − 𝜆 = 1 

4th part 

𝑐𝑜𝑠𝐴𝑂𝐵 = 𝑐𝑜𝑠𝜃 =
𝑎.𝑏

|𝑎||𝑏|
  

From the 2nd part, 𝑐𝑜𝑠2𝜃 =
𝜇+1

4
 

If 𝜆 = −
1

2
, 𝜇 = −

1

2
+ 1 =

1

2
 

So  𝑐𝑜𝑠2𝜃 =
3

8
 

As  𝜆 < 0, 𝑐𝑜𝑠𝜃 < 0, and so , 𝑐𝑜𝑠𝜃 = −√
3

8
= −

√6

4
 

5th part 

As 𝑑 =
1

2
𝑏 +

1

2
𝑎 , D lies midway between A and B. 

 


