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STEP 2010, Paper 3, Q2 – Solution (2 pages; 10/6/18) 

(i) 𝑐𝑜𝑠ℎ𝑎 =
1

2
(𝑒𝑎 + 𝑒−𝑎) [a fairly obvious clue that this is to be 

used in the next part] 

As an alternative to factorising 𝑥2 + 𝑥(𝑒𝑎 + 𝑒−𝑎) + 1  as 

(𝑥 + 𝑒𝑎)(𝑥 + 𝑒−𝑎),  

consider  (𝑥 + 𝑐𝑜𝑠ℎ𝑎)2 = 𝑥2 + 2𝑥𝑐𝑜𝑠ℎ𝑎 + 𝑐𝑜𝑠ℎ2𝑎 

Thus  𝑥2 + 2𝑥𝑐𝑜𝑠ℎ𝑎 + 1 = (𝑥 + 𝑐𝑜𝑠ℎ𝑎)2 − 𝑐𝑜𝑠ℎ2𝑎 + 1 

= (𝑥 + 𝑐𝑜𝑠ℎ𝑎)2 − 𝑠𝑖𝑛ℎ2𝑎  

Then  
1

𝑥2+2𝑥𝑐𝑜𝑠ℎ𝑎+1
=

1

2𝑠𝑖𝑛ℎ𝑎
(

1

𝑥+𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎
−

1

𝑥+𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎
) 

and  ∫
1

𝑥2+2𝑥𝑐𝑜𝑠ℎ𝑎+1
𝑑𝑥

1

0
 

=
1

2𝑠𝑖𝑛ℎ𝑎
[𝑙𝑛(𝑥 + 𝑐𝑜𝑠ℎ𝑎 − 𝑠𝑖𝑛ℎ𝑎) − 𝑙𝑛(𝑥 + 𝑐𝑜𝑠ℎ𝑎 + 𝑠𝑖𝑛ℎ𝑎)]

1
0

 

=
1

2𝑠𝑖𝑛ℎ𝑎
{𝑙𝑛 (

1+𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎

1+𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎
) − 𝑙𝑛 (

𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎

𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎
)}  

=
1

2𝑠𝑖𝑛ℎ𝑎
𝑙𝑛 (

(1+𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎)(𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎)

(1+𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎)(𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎)
)    

=
1

2𝑠𝑖𝑛ℎ𝑎
𝑙𝑛 (

(1+𝑒−𝑎)𝑒𝑎

(1+𝑒𝑎)𝑒−𝑎) = 
1

2𝑠𝑖𝑛ℎ𝑎
𝑙𝑛 (

𝑒𝑎+1

(1+𝑒𝑎)𝑒−𝑎) =
1

2𝑠𝑖𝑛ℎ𝑎
𝑙𝑛(𝑒𝑎) 

=
𝑎

2𝑠𝑖𝑛ℎ𝑎
 , as required. 

 

(ii)  𝑥2 + 2𝑥𝑠𝑖𝑛ℎ𝑎 − 1 = (𝑥 + 𝑠𝑖𝑛ℎ𝑎)2 − 𝑠𝑖𝑛ℎ2𝑎 − 1 

(𝑥 + 𝑠𝑖𝑛ℎ𝑎)2 − 𝑐𝑜𝑠ℎ2𝑎  

Then the integrand is the same as for (i), but with 𝑐𝑜𝑠ℎ𝑎  & 𝑠𝑖𝑛ℎ𝑎  

reversed, 

so that  ∫
1

𝑥2+2𝑥𝑠𝑖𝑛ℎ𝑎−1
𝑑𝑥

∞

1
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=
1

2𝑐𝑜𝑠ℎ𝑎
[𝑙𝑛(𝑥 + 𝑠𝑖𝑛ℎ𝑎 − 𝑐𝑜𝑠ℎ𝑎) − 𝑙𝑛(𝑥 + 𝑐𝑜𝑠ℎ𝑎 + 𝑠𝑖𝑛ℎ𝑎)]

∞
1

 

=
1

2𝑐𝑜𝑠ℎ𝑎
{𝑙𝑛(1) − 𝑙𝑛 (

1+𝑠𝑖𝑛ℎ𝑎−𝑐𝑜𝑠ℎ𝑎

1+𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎
)} 

=
1

2𝑐𝑜𝑠ℎ𝑎
𝑙𝑛 (

1+𝑒𝑎

1−𝑒−𝑎) = 
1

2𝑐𝑜𝑠ℎ𝑎
𝑙𝑛 (

(𝑒
−

𝑎
2+𝑒

𝑎
2)𝑒

𝑎
2

(𝑒
𝑎
2−𝑒

−
𝑎
2)𝑒

−
𝑎
2

) 

=
1

2𝑐𝑜𝑠ℎ𝑎
𝑙𝑛 (

𝑒𝑎𝑐𝑜𝑠ℎ(
𝑎

2
)

𝑠𝑖𝑛ℎ(
𝑎

2
)

) =
1

2𝑐𝑜𝑠ℎ𝑎
(𝑎 + 𝑙𝑛 (𝑐𝑜𝑡ℎ (

𝑎

2
))) 

 

For  ∫
1

𝑥4+2𝑥2𝑐𝑜𝑠ℎ𝑎+1
𝑑𝑥

∞

0
, the 𝑥 in (i) is being replaced with 𝑥2, so 

that we have 

1

2𝑠𝑖𝑛ℎ𝑎
∫ (

1

𝑥2+𝑐𝑜𝑠ℎ𝑎−𝑠𝑖𝑛ℎ𝑎
−

1

𝑥2+𝑐𝑜𝑠ℎ𝑎+𝑠𝑖𝑛ℎ𝑎
)𝑑𝑥

∞

0
  

=
1

2𝑠𝑖𝑛ℎ𝑎
∫ (

1

𝑥2+𝑒−𝑎 −
1

𝑥2+𝑒𝑎)𝑑𝑥
∞

0
  

=
1

2𝑠𝑖𝑛ℎ𝑎
[

1

𝑒−𝑎/2 𝑡𝑎𝑛−1 (
𝑥

𝑒−𝑎/2) −
1

𝑒𝑎/2 𝑡𝑎𝑛−1 (
𝑥

𝑒𝑎/2)]
∞
0

  

=
1

2𝑠𝑖𝑛ℎ𝑎
(

𝜋

2
𝑒

𝑎

2 − 
𝜋

2
𝑒−

𝑎

2 − 0) 

=
𝜋

2𝑠𝑖𝑛ℎ𝑎
𝑠𝑖𝑛ℎ (

𝑎

2
) =

𝜋

4𝑐𝑜𝑠ℎ(
𝑎

2
)
  

 


