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STEP 2010, Paper 2, Q7 – Solution (2 pages; 9/6/18) 

(i) 𝑦 = 𝑥3 − 3𝑞𝑥 − 𝑞(1 + 𝑞)   (1) 

𝑦′ = 3𝑥2 − 3𝑞  

𝑦′ = 0 ⇒ 𝑥 = ±√𝑞  

As the coefficient of 𝑥3 in (1) is positive, there must be a 

maximum at 𝑥 = −√𝑞 and a minimum at 𝑥 = √𝑞 

𝑥 = √𝑞 ⇒ 𝑦 = 𝑞√𝑞 − 3𝑞√𝑞 − 𝑞 − 𝑞2  

= −(2𝑞√𝑞 + 𝑞 + 𝑞2) < 0, as 𝑞 > 0  

𝑥 = −√𝑞 ⇒ 𝑦 = −𝑞√𝑞 + 3𝑞√𝑞 − 𝑞 − 𝑞2  

= −𝑞(−2√𝑞 + 1 + 𝑞) = −𝑞(1 − √𝑞)2<0, as 𝑞 > 0 and 𝑞 ≠ 1 

Thus both the maximum and the minimum lie below the 𝑥-axis, 

and so the curve crosses the 𝑥-axis only once (when 𝑥 > √𝑞), as 

shown below. 

 

 

 

 

 

 

 

 

(ii) Substituting  𝑥 = 𝑢 + 𝑞/𝑢 into (1) gives 

(𝑢 + 𝑞/𝑢)3 − 3𝑞 (𝑢 +
𝑞

𝑢
) − 𝑞(1 + 𝑞) = 0   
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⇒ 𝑢3 + 3𝑢𝑞 +
3𝑞2

𝑢
+

𝑞3

𝑢3 − 3𝑞𝑢 −
3𝑞2

𝑢
− 𝑞 − 𝑞2 = 0  

⇒ 𝑢3 +
𝑞3

𝑢3 − 𝑞 − 𝑞2 = 0  

⇒ (𝑢3)2 − 𝑞(1 + 𝑞)𝑢3 + 𝑞3 = 0  

⇒ 𝑢3 =
𝑞(1+𝑞)±√𝑞2(1+𝑞)2−4𝑞3

2
 =

𝑞(1+𝑞)±√𝑞2(1−𝑞)2

2
 

=
𝑞(1+𝑞)±𝑞(1−𝑞)

2
= 𝑞  𝑜𝑟 𝑞2  

⇒ 𝑢 = 𝑞1/3  𝑜𝑟  𝑞2/3  

⇒ 𝑥 = 𝑞1/3 + 𝑞2/3   (or 𝑞2/3 + 𝑞1/3) 

 

(iii)  (𝛼 + 𝛽)3 = 𝛼3 + 3𝛼2𝛽 + 3𝛼𝛽2 + 𝛽3 ,  

so that    𝛼3 + 𝛽3 =  (𝛼 + 𝛽)3 − 3𝛼𝛽(𝛼 + 𝛽) , 

and hence if   𝑡2 − 𝑝𝑡 + 𝑞 = 0  has roots 𝛼 & 𝛽, then 

𝛼3 + 𝛽3 = 𝑝3 − 3𝑞𝑝, as required   (2) 

If either 𝛼 = 𝛽2  or  𝛽 = 𝛼2, then   (𝛼2 − 𝛽)(𝛽2 − 𝛼) = 0, 

so that  𝛼2𝛽2 − 𝛼3 − 𝛽3 + 𝛼𝛽 = 0 

and hence  𝑞2 − (𝑝3 − 3𝑞𝑝) + 𝑞 = 0 , from (2) 

⇒ 𝑝3 − 3𝑞𝑝 − 𝑞(1 + 𝑞) = 0  

⇒ 𝑝 = 𝑞1/3 + 𝑞2/3 , from (ii) 

 

 

 


