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STEP 2010, Paper 2, Q7 - Solution (2 pages; 9/6/18)
MDy=x>-3qx—q(1+q) (1)
y' =3x% —3q

y=0=>x=1+/q

As the coefficient of x3 in (1) is positive, there must be a

maximum at x = —,/q and a minimum at x = \/¢q
x=\q=>y=qJq-3¢/a-q-¢
=—(2¢/q+q+q*)<0,asq>0
e=T=y =0T+ 30T 0

= —q(—Z\/E+ 1+q)=—q(1 —\/E)2<O,asq >0andqg # 1

Thus both the maximum and the minimum lie below the x-axis,
and so the curve crosses the x-axis only once (when x > \/c_l), as

shown below.

3 3 ] . !a') 4 >33

(ii) Substituting x = u + q/u into (1) gives
(wtq/w)?=3q(u+y)—q+q) =0
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3g?

Suwd+3ug+ L+ L —3qu-3T g2 =0
q+——+=—3qu-=-—q—q

=>u3+q—3—q—q2=0
u3

= @) —q(l+qu’+q° =0

3 _ 40+ a?(1+9)?—4¢® _ q(1+)+/q>(1-q)
2

=>u

2
_ q(1+Q)J2_rq(1—q) =g or q?
=y = q1/3 or q2/3

= x = q1/3 + g2/3 (or q2/3 + q1/3)

(iii) (a + B)3 = a® + 3a?p + 3ap* + B3,

sothat a3+ B3 = (a+ )3 —3af(a+p),

and hence if t? —pt + g = 0 hasroots a & 3, then
a3+ B3 = p3 — 3qp, as required (2)

If eithera = % or B = a? then (a?—-pB)(B?—a) =0,
sothat a?p?—a3—pB3+af =0

and hence g% — (p3 — 3qp) + q = 0, from (2)
=>p°—3qp-q(1+q) =0

= p = q'/3 + ¢?/3, from (ii)
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