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STEP 2010, Paper 2, Q5 – Solution (2 pages; 9/6/18) 

𝑐𝑜𝑠(2𝛼) =
𝑂𝐴⃗⃗⃗⃗⃗⃗ .𝑂𝐵⃗⃗⃗⃗⃗⃗ 

|𝑂𝐴⃗⃗⃗⃗⃗⃗ ||𝑂𝐵⃗⃗⃗⃗⃗⃗ |
=

5−1−1

√3√27
=

3

9
=

1

3
  

(i) Let  𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝑚𝑖 + 𝑛𝑗 + 𝑝𝑘 

Thus we require 𝑂𝐶⃗⃗⃗⃗  ⃗ to be inclined equally to 𝑂𝐴⃗⃗ ⃗⃗  ⃗ and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ 

and hence  
𝑂𝐴⃗⃗⃗⃗⃗⃗ .𝑂𝐶⃗⃗⃗⃗  ⃗

|𝑂𝐴⃗⃗⃗⃗⃗⃗ ||𝑂𝐶⃗⃗⃗⃗  ⃗|
=

𝑂𝐵⃗⃗⃗⃗⃗⃗ .𝑂𝐶⃗⃗⃗⃗  ⃗

|𝑂𝐵⃗⃗⃗⃗⃗⃗ ||𝑂𝐶⃗⃗⃗⃗  ⃗|
  

⇒
𝑚+𝑛+𝑝

√3
=

5𝑚−𝑛−𝑝

√27
  

⇒ 3(𝑚 + 𝑛 + 𝑝) = 5𝑚 − 𝑛 − 𝑝  

⇒ 2𝑚 − 4𝑛 − 4𝑝 = 0  

⇒ 𝑚 = 2(𝑛 + 𝑝)    (1) 

 

For 𝑂𝐶⃗⃗⃗⃗  ⃗ (and hence 𝐿1) to be the angle bisector of ∠𝐴𝑂𝐵, we also 

require 𝑐𝑜𝑠𝛼 =
𝑂𝐴⃗⃗⃗⃗⃗⃗ .𝑂𝐶⃗⃗⃗⃗  ⃗

|𝑂𝐴⃗⃗⃗⃗⃗⃗ ||𝑂𝐶⃗⃗⃗⃗  ⃗|
=

𝑚+𝑛+𝑝

√3√𝑚2+𝑛2+𝑝2
 ; 

and since  
1

3
= 𝑐𝑜𝑠(2𝛼) = 𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼 = 2𝑐𝑜𝑠2𝛼 − 1, 

𝑐𝑜𝑠2𝛼 =
2

3
 , so that  

2

3
=

(𝑚+𝑛+𝑝)2

3(𝑚2+𝑛2+𝑝2)
 

⇒ 2(𝑚2 + 𝑛2 + 𝑝2) = 𝑚2 + 𝑛2 + 𝑝2 + 2(𝑚𝑛 + 𝑚𝑝 + 𝑛𝑝)  

⇒ 𝑚2 + 𝑛2 + 𝑝2 = 2(𝑚𝑛 + 𝑚𝑝 + 𝑛𝑝)  

Then, from (1): 4(𝑛 + 𝑝)2 + 𝑛2 + 𝑝2 = 2(𝑛 + 𝑝). 2(𝑛 + 𝑝) + 2𝑛𝑝  

⇒ 𝑛2 + 𝑝2 − 2𝑛𝑝 = 0  

⇒ (𝑛 − 𝑝)2 = 0 ⇒ 𝑛 = 𝑝  

Thus a possible solution is  𝑛 = 𝑝 = 1,𝑚 = 4 
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(Any multiple of these values will also provide a suitable direction 

vector for 𝐿1. ) 

[Alternatively, in addition to (1), we require 𝑂𝐶⃗⃗⃗⃗  ⃗ to be in the plane 

of 𝑂𝐴⃗⃗ ⃗⃗  ⃗ & 𝑂𝐵⃗⃗ ⃗⃗  ⃗, and hence |
𝑚 1 5
𝑛 1 −1
𝑝 1 −1

| = 0    

(Interpretation 1: 𝑂𝐴⃗⃗ ⃗⃗  ⃗, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ & 𝑂𝐶⃗⃗⃗⃗  ⃗ are linearly dependent;  

Interpretation 2: 𝑂𝐶⃗⃗⃗⃗  ⃗ is perpendicular to : 𝑂𝐴 ⃗⃗ ⃗⃗ ⃗⃗   ×  𝑂𝐵⃗⃗ ⃗⃗  ⃗; 

Interpretation 3: The volume of the parallelepiped with sides 

𝑂𝐴⃗⃗ ⃗⃗  ⃗, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ & 𝑂𝐶⃗⃗⃗⃗  ⃗ is zero.) 

So  𝑚(0) − 𝑛(−6) + 𝑝(−6) = 0 

and hence 𝑛 = 𝑝] 

 

(ii) Let 𝑂𝐷⃗⃗⃗⃗⃗⃗ = 𝑢𝑖 + 𝑣𝑗 + 𝑤𝑘 

Then  
𝑂𝐴⃗⃗⃗⃗⃗⃗ .𝑂𝐷⃗⃗⃗⃗⃗⃗ 

|𝑂𝐴⃗⃗⃗⃗⃗⃗ ||𝑂𝐷⃗⃗⃗⃗⃗⃗ |
= 𝑐𝑜𝑠𝛼,  so that 

𝑢+𝑣+𝑤

√3√𝑢2+𝑣2+𝑤2
= √

2

3
 , from (i) 

⇒ (𝑢 + 𝑣 + 𝑤)2 = 2(𝑢2 + 𝑣2 + 𝑤2)  

⇒ 2(𝑢𝑣 + 𝑢𝑤 + 𝑣𝑤) = 𝑢2 + 𝑣2 + 𝑤2  

The given surface is therefore a double cone [ie a cone, together 

with its mirror image in the vertex] with vertex O, centred on 𝑂𝐴⃗⃗ ⃗⃗  ⃗. 

 


