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STEP 2010, Paper 1, Q9 – Solution (3 pages; 8/6/18) 

To find the distance of the centre of mass from the wall: 

Method 1 

 

𝑝 = 𝑎𝑐𝑜𝑠𝛼  ; 𝑞 = 𝑏𝑠𝑖𝑛𝛼, and  𝑝 + 𝑞 = 𝑎𝑐𝑜𝑠𝛼 + 𝑏𝑠𝑖𝑛𝛼 , as required 

Method  2 

 

 

𝑦 =
𝑏

𝑠𝑖𝑛𝛼
  ; 𝑥 = (𝑎 −

𝑏

𝑡𝑎𝑛𝛼
) 𝑐𝑜𝑠𝛼 

so that  𝑥 + 𝑦 = 𝑎𝑐𝑜𝑠𝛼 + 𝑏 (
1

𝑠𝑖𝑛𝛼
−

𝑐𝑜𝑠𝛼

𝑡𝑎𝑛𝛼
) 
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= 𝑎𝑐𝑜𝑠𝛼 + 𝑏𝑠𝑖𝑛𝛼 (
1

𝑠𝑖𝑛2𝛼
−

𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼𝑡𝑎𝑛𝛼
)  

Then   
1

𝑠𝑖𝑛2𝛼
−

𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼𝑡𝑎𝑛𝛼
=

1

𝑠𝑖𝑛2𝛼
(1 −

𝑠𝑖𝑛2𝛼𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼𝑡𝑎𝑛𝛼
) =

1

𝑠𝑖𝑛2𝛼
(1 −

𝑐𝑜𝑠2𝛼) = 1 

giving    𝑥 + 𝑦 = 𝑎𝑐𝑜𝑠𝛼 + 𝑏𝑠𝑖𝑛𝛼 

 

 

[It is tempting  to take moments about C, in order to exclude W 

from the equations. However, it is easier to take moments about A 

or B, as W can easily be substituted for.] 

𝑀(𝐴): 𝑋(2𝑎𝑐𝑜𝑠𝛼) − 𝜇𝑋(2𝑎𝑠𝑖𝑛𝛼) − 𝑊(𝑎𝑐𝑜𝑠𝛼 + 𝑏𝑠𝑖𝑛𝛼) = 0     (1)  

Resolving vert: 𝜇𝑌 + 𝑋 = 𝑊    (2) 

Resolving horiz:  𝑌 = 𝜇𝑋   (3) 

Subst. for W & Y into (1): 

𝑋(2𝑎𝑐𝑜𝑠𝛼) − 𝜇𝑋(2𝑎𝑠𝑖𝑛𝛼) − (𝜇2𝑋 + 𝑋)(𝑎𝑐𝑜𝑠𝛼 + 𝑏𝑠𝑖𝑛𝛼) = 0  

⇒ 2𝑐𝑜𝑠𝛼 − 2𝑡𝑎𝑛𝜆𝑠𝑖𝑛𝛼 − 𝑠𝑒𝑐2𝜆 (𝑐𝑜𝑠𝛼 +
𝑏𝑠𝑖𝑛𝛼

𝑎
) = 0  

⇒ 𝑐𝑜𝑠𝛼 +
𝑏𝑠𝑖𝑛𝛼

𝑎
= 2𝑐𝑜𝑠2𝜆(𝑐𝑜𝑠𝛼 − 𝑡𝑎𝑛𝜆𝑠𝑖𝑛𝛼)   
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⇒
𝑏𝑠𝑖𝑛𝛼

𝑎
= 𝑐𝑜𝑠𝛼(2𝑐𝑜𝑠2𝜆 − 1) − 2𝑠𝑖𝑛𝜆𝑐𝑜𝑠𝜆𝑠𝑖𝑛𝛼  

= 𝑐𝑜𝑠𝛼𝑐𝑜𝑠2𝜆 − 𝑠𝑖𝑛2𝜆𝑠𝑖𝑛𝛼  

= cos (2𝜆 + 𝛼)  

so that  𝑎 cos(2𝜆 + 𝛼) = 𝑏𝑠𝑖𝑛𝛼 ,  as required 

 

If the lamina is square,    cos(2𝜆 + 𝛼) = 𝑠𝑖𝑛𝛼 = 𝑐𝑜𝑠 (
𝜋

2
− 𝛼), 

so that  (a)  2𝜆 + 𝛼 =
𝜋

2
− 𝛼    or (possibly) (b)  

𝜋

2
− 𝛼 + 2𝜋     

(𝑎) ⇒ 𝜆 =
1

2
(

𝜋

2
− 2𝛼) =

𝜋

4
− 𝛼  

(𝑏) ⇒ 𝜆 =
1

2
(

𝜋

2
− 2𝛼 + 2𝜋) =

𝜋

4
− 𝛼 + 𝜋 = (

𝜋

2
− 𝛼) +

3𝜋

4
  

Assuming that 0 < 𝜆 <
𝜋

2
 ensures that (b) does not apply, since  

𝜋

2
− 𝛼 > 0 

[In theory, there is nothing to stop  𝜆 =
𝜋

6
+ 𝜋, for example, but 

0 < 𝜆 <
𝜋

2
  is a reasonable assumption.] 

 


