
 fmng.uk 

1 
 

STEP 2009, Paper 3, Q6 - Solution (2 pages; 7/6/18) 

|𝑒𝑖𝛽 − 𝑒𝑖𝛼| = |𝑐𝑜𝑠𝛽 + 𝑖𝑠𝑖𝑛𝛽 − (𝑐𝑜𝑠𝛼 + 𝑖𝑠𝑖𝑛𝛼)|  

So |𝑒𝑖𝛽 − 𝑒𝑖𝛼|
2

= (𝑐𝑜𝑠𝛽 − 𝑐𝑜𝑠𝛼)2 + (𝑠𝑖𝑛𝛽 − 𝑠𝑖𝑛𝛼)2 

= (𝑐𝑜𝑠2𝛽 − 2𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽 + 𝑐𝑜𝑠2𝛼) + (𝑠𝑖𝑛2𝛽 − 2𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽 + 𝑠𝑖𝑛2𝛼) 

= (𝑐𝑜𝑠2𝛽 + 𝑠𝑖𝑛2𝛽) + (𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼) − 2(𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽 +

𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽)  

= 2(1 − cos(𝛽 − 𝛼))  

Then, since 1 − 𝑐𝑜𝑠2𝜃 = 2𝑠𝑖𝑛2𝜃, 

|𝑒𝑖𝛽 − 𝑒𝑖𝛼|
2

= 4𝑠𝑖𝑛2[
1

2
(𝛽 − 𝛼)]  

and |𝑒𝑖𝛽 − 𝑒𝑖𝛼| = 2𝑠𝑖𝑛[
1

2
(𝛽 − 𝛼)], 

since 0 < 𝛼 < 𝛽 < 2𝜋 ⇒ 𝑠𝑖𝑛[
1

2
(𝛽 − 𝛼)]>0  (and we require the 

+ve square root). 

 

Hence  |𝑒𝑖𝛼 − 𝑒𝑖𝛽||𝑒𝑖𝛾 − 𝑒𝑖𝛿| + |𝑒𝑖𝛽 − 𝑒𝑖𝛾||𝑒𝑖𝛼 − 𝑒𝑖𝛿|  

= |𝑒𝑖𝛽 − 𝑒𝑖𝛼||𝑒𝑖𝛿 − 𝑒𝑖𝛾| + |𝑒𝑖𝛾 − 𝑒𝑖𝛽||𝑒𝑖𝛿 − 𝑒𝑖𝛼|  

[The official sol'ns seem to overlook the need for the above step.] 

= 2𝑠𝑖𝑛 [
1

2
(𝛽 − 𝛼)] 2𝑠𝑖𝑛 [

1

2
(𝛿 − 𝛾)] + 2𝑠𝑖𝑛[

1

2
(𝛾 − 𝛽)]2𝑠𝑖𝑛[

1

2
(𝛿 −

𝛼)]   (*) 

As  cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵) = 2𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵, 

(*) = 2 {𝑐𝑜𝑠
1

2
(𝛽 − 𝛼 − 𝛿 + 𝛾) − 𝑐𝑜𝑠

1

2
(𝛽 − 𝛼 + 𝛿 − 𝛾)} 

+2{𝑐𝑜𝑠
1

2
(𝛾 − 𝛽 − 𝛿 + 𝛼) − 𝑐𝑜𝑠

1

2
(𝛾 − 𝛽 + 𝛿 − 𝛼)}  
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= 2 {𝑐𝑜𝑠
1

2
(𝛽 − 𝛼 − 𝛿 + 𝛾) − −𝑐𝑜𝑠

1

2
(𝛾 − 𝛽 + 𝛿 − 𝛼)} ,      (**) 

since  𝑐𝑜𝑠
1

2
(𝛾 − 𝛽 − 𝛿 + 𝛼) = cos [−

1

2
(𝛾 − 𝛽 − 𝛿 + 𝛼)] 

= 𝑐𝑜𝑠
1

2
(𝛽 − 𝛼 + 𝛿 − 𝛾)  

Also,  |𝑒𝑖𝛼 − 𝑒𝑖𝛾||𝑒𝑖𝛽 − 𝑒𝑖𝛿| = |𝑒𝑖𝛾 − 𝑒𝑖𝛼||𝑒𝑖𝛿 − 𝑒𝑖𝛽| 

= 2𝑠𝑖𝑛 [
1

2
(𝛾 − 𝛼)] 2𝑠𝑖𝑛 [

1

2
(𝛿 − 𝛽)]  

2 {𝑐𝑜𝑠
1

2
(𝛾 − 𝛼 − 𝛿 + 𝛽) − 𝑐𝑜𝑠

1

2
(𝛾 − 𝛼 + 𝛿 − 𝛽)} = (∗∗)  

 Hence  |𝑒𝑖𝛼 − 𝑒𝑖𝛽||𝑒𝑖𝛾 − 𝑒𝑖𝛿| + |𝑒𝑖𝛽 − 𝑒𝑖𝛾||𝑒𝑖𝛼 − 𝑒𝑖𝛿| 

= |𝑒𝑖𝛼 − 𝑒𝑖𝛾||𝑒𝑖𝛽 − 𝑒𝑖𝛿|, as required 

 

The complex numbers  𝑒𝑖𝛼 , 𝑒𝑖𝛽 , 𝑒𝑖𝛾  & 𝑒𝑖𝛿  are points on a circle of 

radius 1, centre the origin (anti-clockwise in that order). 

Referring to the diagram below, the result says that   𝑝𝑟 + 𝑞𝑠 =

𝑥𝑦; 

ie the sum of the products of opposite sides equals the product of 

the diagonals 

This can be extended to any cyclic quadrilateral (ie of  any radius, 

and centre) by choosing a suitable scale. 
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