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STEP 2009, Paper 3, Q6 - Solution (2 pages; 7/6/18)

le?f — e'@| = |cosp + isinf — (cosa + isina)|

So |etf — e"o‘|2 = (cosp — cosa)? + (sinf — sina)?

= (cos?B — 2cosacosP + cos?a) + (sin’p — 2sinasinf + sin’a)

= (cos?B + sin?p) + (cos?a + sin*a) — 2(cosacosf +
sinasinfs)

= 2(1 — cos(B — a))

Then, since 1 — cos26 = 2sin?6,
iB ia|? 211

|e —e | = 4sin [E(B—a)]

and |e'f —e'¥| = ZSl'TL[% (B — a)],

since0<a<pf<2m= sin[% (B — a)]>0 (and we require the

+ve square root).

Hence |ei“ — eiB||eiV — ei5| + |ei5 — eiVHeia — ei5|
= | — ei@||eid — 7| + |e¥ — eiB||ei — ei®|
[The official sol'ns seem to overlook the need for the above step.]
= 2sin [l (B — a')] 2sin [1 (6 — y)] + ZSl'n[l (y — ﬁ)]Zsin[l (6 —
2 2 2 2
a)] (%)
As cos(A — B) — cos(4 + B) = 2sinAsinB,

(*)=2{cos%(,8—a—6+y)—cos%(ﬁ—a+6—y)}

+2{cos%(y—,8—6+a)—cos%(y—ﬁ+6—a)}
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=2{005%(ﬁ—a—5+y)——cos%(y—ﬁ+6—a)}, (**)
since cos%(y—ﬁ — 0+ a) = cos [—%(y—ﬁ —6+0()]
=cos%(,8—a+5—)/)
Also, |e'® — e ||ef — e'0| = |e — e'®||e'® — e'F|
= 2sin E (y — 0()] 2sin E (6 — ,8)]

1 1
Z{COSE()/—C(—5+,3)—COSE(]/—OC-I-(S—IB)}=(**)
Hence |e'® — etf||e’ — 0| + |ef — eV ||e'® — e'd|

= |et® — e%||e# — €|, as required

The complex numbers el olB oV & 9 gre points on a circle of
radius 1, centre the origin (anti-clockwise in that order).

Referring to the diagram below, the result says that pr + gs =
Xy;
ie the sum of the products of opposite sides equals the product of

the diagonals

This can be extended to any cyclic quadrilateral (ie of any radius,
and centre) by choosing a suitable scale.
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