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STEP 2009, Paper 3, Q4 - Solution (2 pages; 7/6/18) 

[Questions involving unfamiliar concepts (such as the Laplace 

transform) usually compensate by being reasonably 

straightforward (as is the case here).] 

Let 𝐿(𝑓(𝑡), 𝑠) denote the Laplace transform of f(t) with parameter 

s 

(i) 𝐿(𝑒−𝑏𝑡𝑓(𝑡), 𝑠) = ∫ 𝑒−𝑠𝑡𝑒−𝑏𝑡𝑓(𝑡)𝑑𝑡 =
∞

0 ∫ 𝑒−(𝑠+𝑏)𝑡𝑓(𝑡)𝑑𝑡
∞

0
 

= 𝐹(𝑠 + 𝑏)  (since 𝑠 + 𝑏 > 0, as both 𝑠 & 𝑏 are > 0) 

(ii) 𝐿(𝑓(𝑎𝑡), 𝑠) = ∫ 𝑒−𝑠𝑡𝑓(𝑎𝑡)
∞

0
𝑑𝑡 

Let 𝑢 = 𝑎𝑡, so that 𝑑𝑢 = 𝑎𝑑𝑡   and  𝑑𝑡 =
1

𝑎
𝑑𝑢, as 𝑎 ≠ 0 

Then 𝐿(𝑓(𝑎𝑡), 𝑠) = ∫ 𝑒
−𝑠(

𝑢

𝑎
)
𝑓(𝑢).

1

𝑎
𝑑𝑢 = 𝑎−1 ∫ 𝑒

−(
𝑠

𝑎
)𝑢

𝑓(𝑢)𝑑𝑢
∞

0

∞

0
 

= 𝑎−1𝐹 (
𝑠

𝑎
)   (since  𝑠/𝑎 > 0, as both 𝑠 & 𝑎 are > 0) 

 

(iii) Integrating by Parts, 𝐹(𝑠) = ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡 =
∞

0

[−
1

𝑠
𝑒−𝑠𝑡𝑓(𝑡)]

∞
0

− ∫ −
1

𝑠
𝑒−𝑠𝑡𝑓′(𝑡)

∞

0
𝑑𝑡 

= 0. 𝑓(∞) +
1

𝑠
𝑓(0) +

1

𝑠
𝐿(𝑓′(𝑡), 𝑠)  

⇒ 𝑠𝐹(𝑠) = 𝑓(0) + 𝐿(𝑓′(𝑡), 𝑠)  (provided 𝑓(∞) is finite) 

⇒ 𝐿(𝑓′(𝑡), 𝑠) = 𝑠𝐹(𝑠) − 𝑓(0)  

 

(iv) 𝐿(𝑠𝑖𝑛𝑡, 𝑠) = ∫ 𝑒−𝑠𝑡𝑠𝑖𝑛𝑡 𝑑𝑡
∞

0
 

= [−
1

𝑠
𝑒−𝑠𝑡𝑠𝑖𝑛𝑡]

∞
0

− ∫ −
1

𝑠
𝑒−𝑠𝑡𝑐𝑜𝑠𝑡 𝑑𝑡

∞

0
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= 0 +
1

𝑠
∫ 𝑒−𝑠𝑡𝑐𝑜𝑠𝑡 𝑑𝑡

∞

0
  

=
1

𝑠
[−

1

𝑠
𝑒−𝑠𝑡𝑐𝑜𝑠𝑡]

∞
0

−
1

𝑠
∫ −

1

𝑠
𝑒−𝑠𝑡(−𝑠𝑖𝑛𝑡)𝑑𝑡

∞

0
  

 =
1

𝑠2 −
1

𝑠2 𝐿(𝑠𝑖𝑛𝑡, 𝑠) 

Hence  𝑠2𝐿(𝑠𝑖𝑛𝑡, 𝑠) = 1 − 𝐿(𝑠𝑖𝑛𝑡, 𝑠) 

⇒ 𝐿(𝑠𝑖𝑛𝑡, 𝑠)(𝑠2 + 1) = 1  

⇒ 𝐹(𝑠) = 𝐿(𝑠𝑖𝑛𝑡, 𝑠) =
1

𝑠2+1
  

 

Let  𝑓(𝑡) = 𝑠𝑖𝑛𝑡  and  𝑔(𝑡) = 𝑒−𝑝𝑡𝑐𝑜𝑠𝑞𝑡 

Then 𝑔(𝑡) =
1

𝑞
𝑒−𝑝𝑡𝑓′(𝑞𝑡) 

From (i), 𝐿(𝑔(𝑡), 𝑠) =
1

𝑞
𝐿(𝑓′(𝑞𝑡), 𝑠 + 𝑝) 

Then, from (iii), 𝐿(𝑔(𝑡), 𝑠) =
1

𝑞
{(𝑠 + 𝑝)𝐿(𝑓(𝑞𝑡), 𝑠 + 𝑝) − 𝑓(𝑞. 0)} 

=
1

𝑞
(𝑠 + 𝑝)𝐿(𝑓(𝑞𝑡), 𝑠 + 𝑝)  

Then (ii)⇒ 𝐿(𝑔(𝑡), 𝑠) =
1

𝑞
(𝑠 + 𝑝)𝑞−1𝐿(𝑓(𝑡),

𝑠+𝑝

𝑞
) 

and (iv)⇒ 𝐿(𝑔(𝑡), 𝑠) =
𝑠+𝑝

𝑞2 .
1

(
𝑠+𝑝

𝑞
)

2
+1

 

Thus 𝐹(𝑠) = 𝐿(𝑔(𝑡), 𝑠) =
𝑠+𝑝

(𝑠+𝑝)2+𝑞2 

   


