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STEP 2009, Paper 3, Q4 - Solution (2 pages; 7/6/18)

[Questions involving unfamiliar concepts (such as the Laplace
transform) usually compensate by being reasonably
straightforward (as is the case here).]

Let L(f(t), s) denote the Laplace transform of f(t) with parameter
S

(i) L(e‘btf(t),s) — fooo e—ste—btf(t)dt — fooo e—(s+b)tf(t)dt

= F(s+b) (sinces+b > 0,asboths &b are > 0)
(i) L(f (at),s) = [, e Stf(at) dt
Let u = at, so that du = adt and dt = %du, asa # 0
_ 0 —g u 1 _ -1 [’ T Eu
Then L(f(at),s) = [, e (a)f(u).zdu =a [ e @) fw)du

=a lF (g) (since s/a > 0,as both s & a are > 0)

(iii) Integrating by Parts, F(s) = |, Ooo e SLf(t)dt =
[-ze=tr®] - Jy —3et () dt

= 0.f(0) +=£(0) + < L(f'(t),5)

= sF(s) = f(0) + L(f'(t),s) (provided f (o) is finite)
= L(f'(t),s) = sF(s) — f(0)

(iv) L(sint,s) = fooo e Stsint dt

|1 —st.: ]oo_ © 1 _st
—[ e Ssint| o Jo —<e cost dt
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=0+, e *fcostdt

_ 111 _st ]oo_l © 1 _sti_o;
—S[ -e Scost| sfo -e (—sint)dt

=1_ lL(sint, S)

sz 52
Hence s?L(sint,s) = 1 — L(sint,s)

= L(sint,s)(s?+1) =1

1
s2+1

= F(s) = L(sint,s) =

Let f(t) = sint and g(t) = e Ptcosqt
Then g(t) = ~e ™" (qt)
From (i), L(g(t),s) = ZL(f'(qt),s + p)

Then, from (iii), L(g (), 5) = = {(s + P)L(F(q0), 5 + p) — £(4.0)}

1

= 5(5 +p)L(f(qt),s +p)
Then (i)= L(g(8),s) = 7 (s + P)a'L(f(®),

Ss+p
q

1

2
(”_P) +1
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and (iv)= L(g(t),s) = S;Zp.

S+p

Thus F(s) = L(g(t),s) = Gip)2ig?



