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STEP 2009, Paper 3, Q11 - Solution (2 pages; 7/6/18) 

(i) Conservation of momentum ⇒ 𝑀𝑉 = 𝑀(1 + 𝑏𝑥)𝑣 

⇒ 𝑉 = (1 + 𝑏𝑥)
𝑑𝑥

𝑑𝑡
⇒ ∫ 𝑉𝑑𝑡 = ∫(1 + 𝑏𝑥)𝑑𝑥  

 ⇒ 𝑉𝑡 = 𝑥 +
1

2
𝑏𝑥2 + 𝑐 

𝑡 = 0, 𝑥 = 0 ⇒ 𝑐 = 0  

⇒ 𝑏𝑥2 + 2𝑥 − 2𝑉𝑡 = 0  

⇒ 𝑥 =
−2+√4−4𝑏(−2𝑉𝑡)

2𝑏
  (as 𝑥 > 0) 

Thus  𝑥 =
√1+2𝑏𝑉𝑡  −1

𝑏
 

 

(ii) 𝑀𝑓 =
𝑑

𝑑𝑡
(𝑀(1 + 𝑏𝑥)𝑣) 

⇒ ∫ 𝑓𝑑𝑡 = (1 + 𝑏𝑥)𝑣   

⇒ 𝑓𝑡 = (1 + 𝑏𝑥)𝑣 + 𝑐  

𝑡 = 0, 𝑥 = 0, 𝑣 = 𝑉 ⇒ 0 = 𝑉 + 𝑐 ⇒ 𝑐 = −𝑉  

Thus  𝑓𝑡 + 𝑉 = (1 + 𝑏𝑥)𝑣  and  𝑣 =
𝑓𝑡+𝑉

1+𝑏𝑥
   , as required.   (*) 

 

So  
𝑑𝑥

𝑑𝑡
=

𝑓𝑡+𝑉

1+𝑏𝑥
   and hence ∫(1 + 𝑏𝑥)𝑑𝑥 = ∫ 𝑓𝑡 + 𝑉 𝑑𝑡 

⇒ 𝑥 +
1

2
𝑏𝑥2 =

1

2
𝑓𝑡2 + 𝑉𝑡 + 𝑐  

𝑥 = 0, 𝑡 = 0 ⇒ 𝑐 = 0  

Thus  𝑏𝑥2 + 2𝑥 − 𝑓𝑡2 − 2𝑉𝑡 = 0 

and  𝑥 =
−2+√4−4𝑏(−𝑓𝑡2−2𝑉𝑡

𝑏
   (excluding 𝑥 < 0 again) 
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So  𝑥 =
√1+𝑏𝑓𝑡2+2𝑏𝑉𝑡  −1

𝑏
    (**) 

[which agrees with the earlier result when 𝑓 = 0] 

 

Constant speed ⇒ 𝑣 =
𝑥

𝑡
= 𝑉 

Then (∗) ⇒ 𝑉 =
𝑓𝑡+𝑉

1+𝑏𝑉𝑡
⇒ 𝑉 + 𝑏𝑉2𝑡 = 𝑓𝑡 + 𝑉 

⇒ 𝑏𝑉2 = 𝑓 ; ie constant speed is possible, given this relation. 

[see official sol'n for alternative method] 

 

In the general case,  

(∗∗) ⇒ 𝑣 =
𝑑𝑥

𝑑𝑡
=

1

2𝑏
(1 + 𝑏𝑓𝑡2 + 2𝑏𝑉𝑡)−

1

2(2𝑏𝑓𝑡 + 2𝑏𝑉)  

Consider  𝑣2 =
(𝑓𝑡+𝑉)2

1+𝑏𝑓𝑡2+2𝑏𝑉𝑡
=

𝑓2𝑡2+2𝑓𝑡𝑉+𝑉2

1+𝑏𝑓𝑡2+2𝑏𝑉𝑡
 

=
𝑓2+

2𝑓𝑉

𝑡
+

𝑉2

𝑡2
1

𝑡2+𝑏𝑓+2𝑏𝑉/𝑡
  →

𝑓2

𝑏𝑓
 as 𝑡 → ∞ 

[the limit of a quotient equals the quotient of the limits, provided 

that the limits are constants; ie not functions of t (in this case)]  

Thus 𝑣 → √
𝑓

𝑏
  ( a constant). 

[see official sol'n for alternative method] 

 


