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STEP 2009, Paper 2, Q11 – Solution (2 pages; 5/6/18) 

Hint:  To find T, note that t appears in 
𝑑𝑣

𝑑𝑡
 

 

Let F be the [variable] driving force of the engine. 

Then 𝑃 = 𝐹𝑣  and  𝑁2𝐿 ⇒ 𝐹 − (𝑛 + 1)𝑅 = (𝑛 + 1)𝑀𝑎 

⇒ 𝑎 =
𝐹

(𝑛+1)𝑀
−

𝑅

𝑀
=

𝑃

𝑣(𝑛+1)𝑀
−

𝑅

𝑀
   (1) 

[If in doubt, use the previous part of the question; in this case to 

find T.] 

From (1), 
𝑑𝑣

𝑑𝑡
=

𝑃−𝑅𝑣(𝑛+1)

𝑣(𝑛+1)𝑀
 , 

so that  ∫
𝑣(𝑛+1)𝑀

𝑃−𝑅𝑣(𝑛+1)

𝑉

0
𝑑𝑣 = ∫ 𝑑𝑡 = 𝑇

𝑇

0
 

⇒ 𝑇 = ∫
𝑀

𝑅
(𝑅𝑣(𝑛+1)−

𝑀

𝑅
𝑃

𝑃−𝑅𝑣(𝑛+1)
+

𝑀

𝑅
𝑃

𝑃−𝑅𝑣(𝑛+1)

𝑉

0
𝑑𝑣  

=
𝑀

𝑅
∫ −1
𝑉

0
𝑑𝑣 +

𝑃𝑀

𝑅
∫

1

𝑃−𝑅𝑣(𝑛+1)
𝑑𝑣

𝑉

0
  

= −
𝑀𝑉

𝑅
+

𝑃𝑀

𝑅
[
ln⁡(𝑃−𝑅𝑣(𝑛+1)

−𝑅(𝑛+1)
]
𝑉
⁡
0

   , provided 𝑃 > 𝑅𝑣(𝑛 + 1) 

= −
𝑀𝑉

𝑅
+

𝑃𝑀

𝑅2(𝑛+1)
{𝑙𝑛𝑃 − ln⁡(𝑃 − 𝑅𝑉(𝑛 + 1)}⁡  

=
𝑃𝑀

𝑅2(𝑛+1)
ln⁡(

𝑃

𝑃−𝑅𝑉(𝑛+1)
) −

𝑀𝑉

𝑅
  

[There is a typo in the official sol'n, where 𝑣 has been 

(incorrectly) written in place of V.] 

As 𝑃 > 𝑅𝑣(𝑛 + 1) is required throughout, a necessary condition is 

that 𝑃 > (𝑛 + 1)𝑅𝑉. 
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(i) 𝑙𝑛 (
𝑃

𝑃−𝑅𝑉(𝑛+1)
) = −𝑙𝑛 (

𝑃−𝑅𝑉(𝑛+1)

𝑃
) = −𝑙𝑛 (1 −

𝑅𝑉(𝑛+1)

𝑃
) 

≈ −(−
𝑅𝑉(𝑛+1)

𝑃
−

1

2
(
𝑅𝑉(𝑛+1)

𝑃
)
2
)  

Then 𝑇 ≈
𝑃𝑀

𝑅2(𝑛+1)
(
𝑅𝑉(𝑛+1)

𝑃
+

𝑅2𝑉2(𝑛+1)
2

2𝑃2
)−𝑀𝑉

𝑅
  

=
𝑀𝑉

𝑅
+
(𝑛 + 1)𝑉2𝑀

2𝑃
−
𝑀𝑉

𝑅
 

so that  𝑃𝑇 ≈
1

2
(𝑛 + 1)𝑀𝑉2  

(𝑛+1)𝑅𝑉

𝑃
=

(𝑛+1)𝑅

𝐹𝑉
  , where 𝐹𝑉  is the driving force at speed V 

So 
(𝑛+1)𝑅𝑉

𝑃
 small ⇒ total resistance, (𝑛 + 1)𝑅 is small compared to 

the final driving force, and hence to the (larger) driving force 

prior to that point. 

If the resistance is small, then the KE gained, 
1

2
(𝑛 + 1)𝑀𝑉2 

≈ work done by the driving force 

= ∫𝐹(𝑥)𝑑𝑥 = ∫
𝑃

(
𝑑𝑥

𝑑𝑡
)
𝑑𝑥 = ∫𝑃𝑑𝑡 = 𝑃𝑇⁡  

(ii) Work done by driving force and resistance  

= 𝑃𝑇 − (𝑛 + 1)𝑅𝑋 =
1

2
(𝑛 + 1)𝑀𝑉2  

⇒ (𝑛 + 1)𝑅𝑋 = 𝑃𝑇 −
1

2
(𝑛 + 1)𝑀𝑉2  

⇒ 𝑋 =
𝑃𝑇−

1

2
(𝑛+1)𝑀𝑉2

(𝑛+1)𝑅
=

2𝑃𝑇−(𝑛+1)𝑀𝑉2

2(𝑛+1)𝑅
  

  


