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STEP 2008, Paper 3, Q1 - Solution (2 pages; 13/5/20) 

𝑎 + 𝑏 = 1  (1) 

𝑎𝑥 + 𝑏𝑦 =
1

3
  (2) 

𝑎𝑥2 + 𝑏𝑦2 =
1

5
  (3) 

𝑎𝑥3 + 𝑏𝑦3 =
1

7
  (4) 

 

(2) ⇒ (𝑎𝑥 + 𝑏𝑦)(𝑥 + 𝑦) =
1

3
(𝑥 + 𝑦) 

⇒ 𝑎𝑥2 + 𝑎𝑥𝑦 + 𝑏𝑥𝑦 + 𝑏𝑦2 =
1

3
(𝑥 + 𝑦)  

⇒
1

5
+ 𝑥𝑦 =

1

3
(𝑥 + 𝑦)   , from (3) & (1) 

or  
1

5
+ 𝑞 =

𝑝

3
   , writing 𝑝 = 𝑥 + 𝑦 & 𝑞 = 𝑥𝑦    

or 3 + 15𝑞 = 5𝑝  (5) 

 

Also, (3) ⇒ (𝑎𝑥2 + 𝑏𝑦2)(𝑥 + 𝑦) =
1

5
(𝑥 + 𝑦)   

⇒ 𝑎𝑥3 + 𝑎𝑥2𝑦 + 𝑏𝑦2𝑥 + 𝑏𝑦3 =
1

5
(𝑥 + 𝑦)  

⇒
1

7
+ 𝑥𝑦(𝑎𝑥 + 𝑏𝑦) =

1

5
(𝑥 + 𝑦) , from (4) 

⇒
1

7
+ 𝑞 (

1

3
) =

𝑝

5
 , from (2)  

or  15 + 35𝑞 = 21𝑝   (6) 

 

Then,  7(5) − 3(6) ⇒ 21 − 45 = (35 − 63)𝑝  

so that 𝑝 =
−24

−28
=

6

7
 , and from (5): 
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𝑞 =
1

15
(

30

7
− 3) =

1

15(7)
(30 − 21) =

3

35
  

 

So 𝑥 + 𝑦 =
6

7
  and 𝑥𝑦 =

3

35
 

and hence 𝑥 & 𝑦 are the roots of  𝑧2 −
6

7
𝑧 +

3

35
= 0 

or  35𝑧2 − 30𝑧 + 3 = 0 

⇒ 𝑥, 𝑦 are 
30±√900−420

70
=

30±4√30

70
=

3

7
±

2√30

35
   or   

3

7
±

2√6

7√5
 

 

If 𝒙 =
𝟑

𝟕
+

2√6

7√5
 , 𝒚 =

𝟑

𝟕
−

2√6

7√5
 

Then  (2) ⇒ 𝑎 (
3

7
+

2√30

35
) + 𝑏 (

3

7
−

2√30

35
) =

1

3
  

and 𝑎 + 𝑏 = 1  from (1), 

so that  𝑎 (
3

7
+

2√30

35
) + (1 − 𝑎) (

3

7
−

2√30

35
) =

1

3
 

⇒ 𝑎 (
4√30

35
) =

1

3
−

3

7
+

2√30

35
  

⇒ 𝑎(12√30) = 35 − 45 + 6√30  

⇒ 𝑎 =
6√30−10

12√30
=

6(30)−10√30

12(30)
=

18−√30

36
=

1

2
−

√5

6√6
  

and 𝑏 = 1 − 𝑎 =
1

2
+

√5

6√6
 

 

If  𝒙 =
𝟑

𝟕
−

2√6

7√5
 , 𝒚 =

𝟑

𝟕
+

2√6

7√5
 : 

𝑎 =
1

2
+

√5

6√6
  & 𝑏 =

1

2
−

√5

6√6
 


