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STEP 2008, Paper 2, Q6 – Solution (2 pages; 2/6/18) 

[Note that, unlike a function of the form 

𝑐𝑜𝑠 (2𝑥 +
𝜋

3
) + 𝑠𝑖𝑛(2𝑥 −

𝜋

4
), or even  

𝑎𝑐𝑜𝑠 (2𝑥 +
𝜋

3
) + 𝑏𝑠𝑖𝑛(2𝑥 −

𝜋

4
), we can't write this as 

𝐴𝑠𝑖𝑛(𝑐𝑥 + 𝑑).]  

(i) The period 𝑇1 of 𝑐𝑜𝑠 (2𝑥 +
𝜋

3
) satisfies 2𝑇1 = 2𝜋 [as 

cos (2[0] +
𝜋

3
) = cos (2𝜋 +

𝜋

3
)]; ie 𝑇1 = 𝜋 

Similarly for 𝑠𝑖𝑛(
3𝑥

2
−

𝜋

4
), 

3𝑇2

2
= 2𝜋, so that 𝑇2 =

4𝜋

3
 

The period of  𝑓(𝑥) is the LCM of these two periods; ie 4𝜋. 

(ii) [The official sol'ns point out that 𝑓(𝑥) can be written in the 

form 2𝑐𝑜𝑠𝐶𝑐𝑜𝑠𝐷, where 𝐶 =
1

2
(𝐴 + 𝐵), 𝐷 =

1

2
(𝐴 − 𝐵) and  

𝐴 = 2𝑥 +
𝜋

3
 , 𝐵 =

3𝑥

2
−

𝜋

4
 ] 

𝑓(𝑥) = 0 ⇒ sin (
𝜋

2
− [2𝑥 +

𝜋

3
]) = −𝑠𝑖𝑛 (

3𝑥

2
−

𝜋

4
) = sin (

𝜋

4
− 

3𝑥

2
) 

[Alternatively, 𝑠𝑖𝑛 (
3𝑥

2
−

𝜋

4
) = cos (

𝜋

2
− [

3𝑥

2
−

𝜋

4
]). Writing 

everything in terms of 𝑐𝑜𝑠 has the advantage that the general 

solution can be written down quickly;  

ie 𝑐𝑜𝑠𝐴 = 𝑐𝑜𝑠𝐵 ⇒ 𝐴 = ±𝐵 + 2𝑘𝜋  

However, −𝑐𝑜𝑠𝐴 is less easy to manipulate than −𝑠𝑖𝑛𝐴] 

⇒
𝜋

2
− [2𝑥 +

𝜋

3
] =

𝜋

4
− 

3𝑥

2
+ 2𝜋𝑘   or  𝜋 − (

𝜋

4
− 

3𝑥

2
) + 2𝜋𝜆    

So either  
𝑥

2
=

𝜋

6
−

𝜋

4
− 2𝜋𝑘  or  

7𝑥

2
=

𝜋

6
− 𝜋 +

𝜋

4
− 2𝜋𝜆   

ie 6𝑥 = 2𝜋 − 3𝜋 − 24𝜋𝑘  or 42𝑥 = 2𝜋 − 12𝜋 + 3𝜋 − 24𝜋𝜆 
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ie  6𝑥 = −𝜋 − 24𝜋𝑘  or  42𝑥 = −7𝜋 − 24𝜋𝜆 

ie 𝑥 = −
𝜋

6
− 4𝜋𝑘  or  𝑥 = −

𝜋

6
−

4𝜋𝜆

7
 

The sol'ns in the range −𝜋 ≤ 𝑥 ≤ 𝜋 are: 

𝑘 = 0 ⇒ −
𝜋

6
   

𝜆 = 0 ⇒ −
𝜋

6
  

𝜆 = 1 ⇒ −
31𝜋

42
  

𝜆 = −1 ⇒
17𝜋

42
  

𝜆 = −2 ⇒
41𝜋

42
  

The repeated root  of −
𝜋

6
  is where the curve touches the 𝑥 axis. 

(iii) 𝑓(𝑥) = 2 ⇒ 𝑐𝑜𝑠 (2𝑥 +
𝜋

3
) = 𝑠𝑖𝑛 (

3𝑥

2
−

𝜋

4
) = 1 

⇒ 2𝑥 +
𝜋

3
= 2𝑘𝜋  𝑎𝑛𝑑  

3𝑥

2
−

𝜋

4
=

𝜋

2
+ 2𝜆𝜋, 0 ≤ 𝑥 ≤ 2𝜋    

⇒ 𝑥 = 𝜋 (𝑘 −
1

6
)  𝑎𝑛𝑑  𝑥 =

2

3
(

3𝜋

4
+ 2𝜆𝑥) = 𝜋(

1

2
+

4𝜆

3
)  

⇒ {𝑥 =
5𝜋

6
 (𝑘 = 1) 𝑜𝑟 

11𝜋

6
 (𝑘 = 2)}   

 and  {𝑥 =
𝜋

2
 (𝜆 = 0) 𝑜𝑟 

11𝜋

6
 (𝜆 = 1)}   

Therefore  𝑥 =
11𝜋
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[Unusually, the result in (i) doesn't seem to be needed for (ii) or 

(iii).] 

 


