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STEP 2008, Paper 2, Q5 – Solution (2 pages; 2/6/18) 

Hint: Look for 𝑓′(𝑥) in the numerator of the integrals. 

Solution 

1 + 𝑠𝑖𝑛2𝑥 = 1 +
1

2
(1 − 𝑐𝑜𝑠2𝑥) =

3

2
−

1

2
𝑐𝑜𝑠2𝑥  

So 𝐼1 = − ∫
−2𝑠𝑖𝑛2𝑥

3−𝑐𝑜𝑠2𝑥
 𝑑𝑥 = −[−𝑙𝑛(3 − 𝑢)]−1

1

𝜋

2
0

 

[making the substitution 𝑢 = 𝑐𝑜𝑠2𝑥] 

= (𝑙𝑛4 − 𝑙𝑛2) = 2𝑙𝑛2 − 𝑙𝑛2 = 𝑙𝑛2  

 

𝐼2 = ∫
𝑠𝑖𝑛𝑥

2−𝑐𝑜𝑠2𝑥
𝑑𝑥

𝜋

2
0

 ; let 𝑢 = 𝑐𝑜𝑠𝑥 

so that  𝐼2 = − ∫
1

2−𝑢2 𝑑𝑢 =
1

2√2
∫

1

√2−𝑢
+

1

√2+𝑢
 𝑑𝑢

1

0

0

1
 

=
1

2√2
[− ln(√2 − 𝑢) + ln(√2 + 𝑢)]

1
0

  

=
1

2√2
{(− ln(√2 − 1) + ln(√2 + 1)) − 0}  

=
1

2√2
𝑙𝑛 (

√2+1

√2−1
) =

1

2√2
ln (

(√2+1)(√2+1)

2−1
=

1

2√2
ln (2 + 1 + 2√2)  

=
1

2√2
ln (3 + 2√2)  

[This equals the expression 
1

√2
ln (1 + √2) given in the official 

solutions, as (1 + √2)2 = 3 + 2√2, so that √3 + 2√2 = 1 + √2 ] 

 

(1 + √2)5 = 1 + 5√2 + 10(2) + 10(2)√2 + 5(4) + 4√2  

= 41 + 29√2 < 41 + 29(2) = 99 , as required 
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(1.4)2 = 1 + 0.16 + 0.8 = 1.96  

Hence 1.4 = √1.96 < √2 , as required 

 

2√2 > 21.4 = 2
7

5 = (27)
1

5 = √128
5

> √99
5

> 1 + √2  , as required 

(from the 1st result) 

 

𝐼1 =
1

√2
𝑙𝑛 (2√2) ;  𝐼2 =

1

√2
ln (3 + 2√2)

1

2  

To find which is the larger of  2√2 & (3 + 2√2)
1

2 : 

From the previous result, 2√2 > 1 + √2, 

so that  (2√2)
2

> (1 + √2)
2

= 1 + 2 + 2√2 = 3 + 2√2 

and hence  2√2 >  (3 + 2√2)
1

2 

Therefore  𝐼1 > 𝐼2 , as 𝑦 = 𝑙𝑛𝑥  is an increasing function. 

 

 

 


