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STEP 2007, Paper 3, Q1 – Solution (2 pages; 31/5/18) 

tan(𝜃 + 𝜙) =
𝑡𝑎𝑛𝜃+𝑡𝑎𝑛𝜙

1−𝑡𝑎𝑛𝜃𝑡𝑎𝑛𝜙
  

Let 𝜃 = 𝜃1 + 𝜃2 , 𝜙 = 𝜃3 + 𝜃4 

Then tan(𝜃1 + 𝜃2 + 𝜃3 + 𝜃4) =
(

𝑡1+𝑡2
1−𝑡1𝑡2

)+(
𝑡3+𝑡4

1−𝑡3𝑡4
)

1−(
𝑡1+𝑡2

1−𝑡1𝑡2
)(

𝑡3+𝑡4
1−𝑡3𝑡4

)
 

=
(𝑡1+𝑡2)(1−𝑡3𝑡4)+(𝑡3+𝑡4)(1−𝑡1𝑡2)

(1−𝑡1𝑡2)(1−𝑡3𝑡4)−(𝑡1+𝑡2)(𝑡3+𝑡4)
  

=
(𝑡1+𝑡2+𝑡3+𝑡4)−(𝑡1𝑡3𝑡4+𝑡2𝑡3𝑡4+𝑡1𝑡2𝑡3+𝑡1𝑡2𝑡4)

1+𝑡1𝑡2𝑡3𝑡4−(𝑡1𝑡2+𝑡3𝑡4+𝑡1𝑡3+𝑡1𝑡4+𝑡2𝑡3+𝑡2𝑡4)
  

Then, as  𝑡1 + 𝑡2 + 𝑡3 + 𝑡4 = −
𝑏

𝑎
 , 

𝑡1𝑡2 + 𝑡3𝑡4 + 𝑡1𝑡3 + 𝑡1𝑡4 + 𝑡2𝑡3 + 𝑡2𝑡4 =
𝑐

𝑎
 , 

𝑡1𝑡3𝑡4 + 𝑡2𝑡3𝑡4 + 𝑡1𝑡2𝑡3 + 𝑡1𝑡2𝑡4 = −
𝑑

𝑎
    &   𝑡1𝑡2𝑡3𝑡4 =

𝑒

𝑎
 , 

tan(𝜃1 + 𝜃2 + 𝜃3 + 𝜃4) =
−

𝑏

𝑎
−(−

𝑑

𝑎
)

1+
𝑒

𝑎
−

𝑐

𝑎
 

=
𝑑−𝑏

𝑎+𝑒−𝑐
   (1) 

 

𝑝𝑐𝑜𝑠2𝜃 + cos(𝜃 − 𝛼) + 𝑝 = 0    (2) 

⇒ 𝑝𝑐𝑜𝑠2𝜃 − 𝑝𝑠𝑖𝑛2𝜃 + 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼 = 0  

⇒ 2𝑝𝑐𝑜𝑠2𝜃 + 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝛼 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝛼 = 0  

⇒ 2𝑝𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠𝛼 + 𝑡𝑎𝑛𝜃𝑠𝑖𝑛𝛼 = 0  

(assuming that 𝑐𝑜𝑠𝜃 ≠ 0, so that 𝑡𝑎𝑛𝜃 =
𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
  is defined, as 

allowed by the instruction at the start of the question) 

⇒ 2𝑝𝑐𝑜𝑠𝜃 = −𝑡𝑎𝑛𝜃𝑠𝑖𝑛𝛼 − 𝑐𝑜𝑠𝛼  

Let 𝑡 = 𝑡𝑎𝑛𝜃, 
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so that  
4𝑝2

1+𝑡2 = (𝑡𝑠𝑖𝑛𝛼 + 𝑐𝑜𝑠𝛼)2 

⇒ 4𝑝2 = (1 + 𝑡2)(𝑡2𝑠𝑖𝑛2𝛼 + 2𝑡𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛼 + 𝑐𝑜𝑠2𝛼)  

⇒ 𝑠𝑖𝑛2𝛼. 𝑡4 + sin(2𝛼) 𝑡3 + (𝑠𝑖𝑛2𝛼 + 𝑐𝑜𝑠2𝛼)𝑡2 + sin(2𝛼) 𝑡  

+𝑐𝑜𝑠2𝛼 − 4𝑝2 = 0   

⇒ 𝑠𝑖𝑛2𝛼. 𝑡4 + sin(2𝛼) 𝑡3 + 𝑡2 + sin(2𝛼) 𝑡 + 𝑐𝑜𝑠2𝛼 − 4𝑝2 = 0  (3) 

  

Thus, as 𝜃𝑖  satisfy (2), tan𝜃𝑖 satisfy the polynomial (3). 

Then, from (1), tan(𝜃1 + 𝜃2 + 𝜃3 + 𝜃4) =
sin(2𝛼)−sin(2𝛼)

𝑠𝑖𝑛2𝛼+(𝑐𝑜𝑠2𝛼−4𝑝2)−1
 

=
0

−4𝑝2 = 0, provided that 𝑝 ≠ 0  (and this assumption is allowed 

by the instruction at the start of the question). 

Hence  𝜃1 + 𝜃2 + 𝜃3 + 𝜃4 = 𝑛𝜋 for some integer 𝑛. 

 


