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STEP 2007, Paper 3, Q12 - Sol’n (3 pages; 20 /4/21)

1st part

1 11
E(N) =Y2r 1y, — =——.-(2n-1@2n)=n
2nd part

1 1 1

E(N?) =Yz 1,2, — =— .-(2n-12n)(2[2n - 1]+ 1)
= %n(4n - 1)
3rd part

E(Y) =X2"71p(N =r)E(Y|N =71)

= Y2 —— E(Thoy Xi) = 1 X i = A=~ (20— 1)(2n)

=1 2n-1 2n-1 2n
= nu, as required
4th part
Cov(Y,N) =E(YN) —E(Y)E(N)
Now, E(YN) = Y2" 1 P(N = r)E(YN|N =71)

= Z$n112 TE(Zk 1Xk) = P 12211 Yr(rw)

R D _ _ an(an—1)

=z 2n—-1D(2n)(2[2n-1]+1) = -

So Cov(Y,N) = %71—1) —nu.n = ﬂs—n(4n —1—-3n) = gn(n —Du

as required

5th part

Var(Y) = E(Y?) — [E(Y)]?

and E(Y?) = Y2 'P(N=r)E(Y?|N =71)

= ——SITE(X + -+ X,)?
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Now, E(X; + -+ X,)? = rE(X,2) + 2 (;) E(X,Xy)

= rE(X,2) + 2

T EX)E(X),

as the X; have the same mean and variance (and therefore E (X;%)
and are independent (so that E(X;X;) = E(X;)E(X;))

=rE(X,%) + r(r — Du?

Now, 6% = E(X,%) — u?,

sothat E(X; + -+ X,)? =r(c? + u?) + r(r — Du?
Andso E(Y?) = =32 {r(o? + u?) +r(r — Du?)

2n-1

1
2n—1

y2nro? + r?u?)

=2 lon-DeEn+L- lon-DeEn@n-24+1)
2n—-1 "2 2n-1 "6
pu?n(4n—1)

=no? +
3

2 (am—
Hence Var(Y) = {naz + %ﬂl)} — (np)?

2n(4n—1-3n 2n(n-1
pen( ) — ng? +_H (n—-1)

=no? +
3 3

[A standard result (which probably couldn’t just be quoted for
this question) is that Var(Y) = Ey(Var(Y|N)) + Vary (E(Y|N)),

where N is randomly chosen from the integers 1 to n.
(See Prob. & Stats page: “Laws of Total Expectation & Variance”.)
Now, Var(Y|N) = Var(X; + X, + -+ Xy) = No?,

and so Ey(Var(Y|N) = Ey(No?) = 02.%(71 + 1)



And Vary(E(Y|N)) = Vary(Nw) = u?Vary(N),

and Vary(N) = E(N?) — [E(N)]?

= B3 - G+ D)

% %n(n +1D)2n+1) - —(n + 1)
=200+ 1) - 3(n+1)] = —(”“1(2” L

So Var(Y) __( +1)+4 (n+3(n D

Then, replacing n with 2n — 1,

Var(Y) = (2 ) + £ (2n)1(22n D — g2n+

u’n(n-1) ]

3
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