STEP 2007, Paper 2, Q5 - Solution (2 pages; 15/4/21)

(i) 1stpart

x+V3
2(x) = (1 er/‘3x>+‘/§ _ x+V/3+V3-3x _ 2V3-2x  x—3
fro = —\/_<x+\/‘/__> 1—V3x—3x—3  —-2vV3x-2  3x+1
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2nd part

x—=3
<1+\/—x>+‘/§ _ x—V3+V3+43x _ 4x

frl) = _\/—<1x \/\/__x> 1+3x—3x+3 4 X

3rd part

If p is a positive integer,and g = 0,1 or 2,

fmng.uk

f3PH) = fIf3 L AP0) = FUf° . 3 (0) = - = fI(x);

ie f™(x) has period 3 wrtn

And so f29%7(x) = x, as 2007 is a multiple of 3

(ii) f(tan®) = fa:/lf:\/_ an (6 + —)

so that f™(x) = tan (6 + %) whenn =1

From (i), f2(x) = tand=V3 _ tan (9 — g) = tan (9 — g + n)

V3tan6+1
= tan (0 + =)
so that f™(x) = tan (0 + %) whenn = 2
From (i), f3(x) = x = tanf = tan(0 + m),
so that f™(x) = tan (6 + %) whenn =3
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Also, tan (9 + % + kn) = tan (6 + (n+??:k)n),

so that tan (6 + %) also has period 3 wrt n,

and thus f™(x) = tan (0 + %) for all positive integer n, as

required.

(iii) If t = cos@, then g(t) = cos (6 — %) for 0 < 8 < (so that

sinf = V1 —t? > 0).
[Alternatively, we could set t = sinf, with —% <6<

cosf = V1 —t? >0, and then g(t) = sin (6 + %).]

T

, so that
2

then ) = (os(0- ) = os 02|
and so g"(t) = cos(0 — n?n) wheret = cosf and 0 < 0 < m;
ie @ = arccost

[or g"(t) = sin (9 + n—Z), where t = sinf and —g <6< g;

ie 8 = arcsint]



