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STEP 2007, Paper 2, Q5 – Solution (2 pages; 15/4/21) 

 

(i) 1st part 

 𝑓2(𝑥) =
(

𝑥+√3

1−√3𝑥
)+√3

1−√3(
𝑥+√3

1−√3𝑥
)

=
𝑥+√3+√3−3𝑥

1−√3𝑥−√3𝑥−3
=

2√3−2𝑥

−2√3𝑥−2
=

𝑥−√3

√3𝑥+1
 

2nd part 

𝑓3(𝑥) =
(

𝑥−√3

1+√3𝑥
)+√3

1−√3(
𝑥−√3

1−√3𝑥
)

=
𝑥−√3+√3+3𝑥

1+√3𝑥−√3𝑥+3
=

4𝑥

4
= 𝑥  

3rd part 

If 𝑝 is a positive integer, and 𝑞 = 0, 1 𝑜𝑟 2, 

𝑓3𝑝+𝑞(𝑥) = 𝑓𝑞𝑓3 … 𝑓3(𝑓3(𝑥)) = 𝑓𝑞𝑓3 … 𝑓3(𝑥) = ⋯ = 𝑓𝑞(𝑥);  

ie 𝑓𝑛(𝑥) has period 3 wrt 𝑛 

And so 𝑓2007(𝑥) = 𝑥, as 2007 is a multiple of 3 

 

(ii) 𝑓(𝑡𝑎𝑛𝜃) =
𝑡𝑎𝑛𝜃+√3

1−√3𝑡𝑎𝑛𝜃
= tan (𝜃 +

𝜋

3
), 

so that 𝑓𝑛(𝑥) = tan (𝜃 +
𝑛𝜋

3
) when 𝑛 = 1 

From (i), 𝑓2(𝑥) =
𝑡𝑎𝑛𝜃−√3

√3𝑡𝑎𝑛𝜃+1
= tan (𝜃 −

𝜋

3
) = tan (𝜃 −

𝜋

3
+ 𝜋) 

= tan (𝜃 +
2𝜋

3
)  

so that 𝑓𝑛(𝑥) = tan (𝜃 +
𝑛𝜋

3
) when 𝑛 = 2 

From (i), 𝑓3(𝑥) = 𝑥 = 𝑡𝑎𝑛𝜃 = tan(𝜃 + 𝜋), 

so that 𝑓𝑛(𝑥) = tan (𝜃 +
𝑛𝜋

3
) when 𝑛 = 3 
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Also, tan (𝜃 +
𝑛𝜋

3
+ 𝑘𝜋) = tan (𝜃 +

(𝑛+3𝑘)𝜋

3
), 

so that  tan (𝜃 +
𝑛𝜋

3
) also has period 3 wrt 𝑛, 

and thus 𝑓𝑛(𝑥) = tan (𝜃 +
𝑛𝜋

3
) for all positive integer 𝑛, as 

required. 

 

(iii) If 𝑡 = 𝑐𝑜𝑠𝜃, then 𝑔(𝑡) = cos (𝜃 −
𝜋

6
) for 0 ≤ 𝜃 ≤ 𝜋 (so that 

𝑠𝑖𝑛𝜃 = √1 − 𝑡2 ≥ 0). 

[Alternatively, we could set  𝑡 = 𝑠𝑖𝑛𝜃, with −
𝜋

2
≤ 𝜃 ≤

𝜋

2
 , so that 

𝑐𝑜𝑠𝜃 = √1 − 𝑡2 ≥ 0, and then 𝑔(𝑡) = sin (𝜃 +
𝜋

6
).] 

Then 𝑔2(𝑡) = 𝑔 (cos (𝜃 −
𝜋

6
)) = cos ([𝜃 −

𝜋

6
] −

𝜋

6
) 

and so 𝑔𝑛(𝑡) = cos(𝜃 −
𝑛𝜋

6
) where 𝑡 = 𝑐𝑜𝑠𝜃 and 0 ≤ 𝜃 ≤ 𝜋; 

ie 𝜃 = 𝑎𝑟𝑐𝑐𝑜𝑠𝑡 

 [or 𝑔𝑛(𝑡) = sin (𝜃 +
𝑛𝜋

6
), where 𝑡 = 𝑠𝑖𝑛𝜃 and −

𝜋

2
≤ 𝜃 ≤

𝜋

2
 ; 

 ie 𝜃 = 𝑎𝑟𝑐𝑠𝑖𝑛𝑡] 


