
 fmng.uk 

1 
 

STEP 2007, Paper 2, Q4 – Solution (2 pages; 23/5/18) 

The equation can be written as 

𝛼𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 − 𝛼𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵 + 𝛽𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 − 𝛽𝑠𝑖𝑛𝐴𝑠𝑖𝑛𝐵  

−𝛾𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 − 𝛾𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵 = 0  

dividing by 𝑐𝑜𝑠𝐴𝑐𝑜𝑠𝐵 (as 𝑐𝑜𝑠𝐴 & 𝑐𝑜𝑠𝐵  are non-zero) 

⇔ 𝛼𝑡𝑎𝑛𝐴 − 𝛼𝑡𝑎𝑛𝐵 + 𝛽 − 𝛽𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵 − 𝛾𝑡𝑎𝑛𝐴 − 𝛾𝑡𝑎𝑛𝐵 = 0  

⇔ 𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵 −
(𝛼−𝛾)𝑡𝑎𝑛𝐴

𝛽
+

(𝛼+𝛾)𝑡𝑎𝑛𝐵

𝛽
− 1 = 0  

which, with 𝑚 =
−(𝛼+𝛾)

𝛽
 & 𝑛 =

𝛼−𝛾

𝛽
 

⇔ (𝑡𝑎𝑛𝐴 − 𝑚)(𝑡𝑎𝑛𝐵 − 𝑛) = 0  when  𝛼2 − 𝛾2 = 𝛽2          (1) 

ie when  𝛼2 = 𝛽2 + 𝛾2 

[The official solution shows that, for “if and only if” proofs, it may 

be sufficient to indicate that the line of reasoning is reversible 

(assuming that this is the case).] 

 

(i) With 𝛼 = 2, 𝛽 = √3 & 𝛾 = 1, 𝐴 = 𝑥 & 𝐵 =
𝜋

4
, 𝛽2 + 𝛾2 = 𝛼2,  

so that the equation ⇔ (𝑡𝑎𝑛𝑥 + √3) (𝑡𝑎𝑛 (
𝜋

4
) −

1

√3
) = 0  , from (1) 

⇒ 𝑡𝑎𝑛𝑥 = −√3 

⇒ 𝑥 = −
𝜋

3
+ 𝜋  𝑜𝑟 −

𝜋

3
+ 2𝜋    

ie  𝑥 =
2𝜋

3
 𝑜𝑟 

5𝜋

3
  

 

(ii) With 𝛼 = 2, 𝛽 = √3 & 𝛾 = 1, 𝐴 = 𝑥 & 𝐵 =
𝜋

6
, 𝛽2 + 𝛾2 = 𝛼2,  
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so that the equation ⇔ (𝑡𝑎𝑛𝑥 + √3) (𝑡𝑎𝑛 (
𝜋

6
) −

1

√3
) = 0   

As 𝑡𝑎𝑛 (
𝜋

6
) =

1

√3
, the original equation is true for all values of 𝑥 

 

(iii) [Forcing the LHS into the earlier form:] 

Let  𝐴 =
1

2
([𝑥 +

𝜋

3
] + 3𝑥) = 2𝑥 +

𝜋

6
 ,  

so that 𝐵 = 3𝑥 − (2𝑥 +
𝜋

6
) = 𝑥 −

𝜋

6
 

Then with 𝛼 = 2, 𝛽 = √3 & 𝛾 = 1 again, 

(tan (2𝑥 +
𝜋

6
) + √3) (𝑡𝑎𝑛 (𝑥 −

𝜋

6
) −

1

√3
) = 0  (2) 

0 ≤ 𝑥 < 2𝜋 ⇒
𝜋

6
≤ 2𝑥 +

𝜋

6
< 4𝜋 +

𝜋

6
  

and  −
𝜋

6
≤ 𝑥 −

𝜋

6
< 2𝜋 −

𝜋

6
 

Then (2) ⇒ 2𝑥 +
𝜋

6
= −

𝜋

3
+ 𝜋   or  −

𝜋

3
+ 2𝜋   or  −

𝜋

3
+ 3𝜋    

or  −
𝜋

3
+ 4𝜋    

or  𝑥 −
𝜋

6
=

𝜋

6
  or  

𝜋

6
+ 𝜋 

ie  𝑥 =
𝜋

4
 ,

3𝜋

4
 ,

5𝜋

4
 , 

7𝜋

4
 ,

𝜋

3
  or  

4𝜋

3
 

 


