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STEP 2007, Paper 2, Q3 – Solution (2 pages; 23/5/18) 

𝑥 = 𝑎𝑡𝑎𝑛𝜃 ⇒ 𝑑𝑥 = 𝑎𝑠𝑒𝑐2𝜃 𝑑𝜃  

and hence ∫
1

𝑎2+𝑥2  𝑑𝑥 = ∫
𝑎𝑠𝑒𝑐2𝜃

𝑎2+𝑎2𝑡𝑎𝑛2𝜃
𝑑𝜃 =

1

𝑎
∫ 𝑑𝜃 

=
𝜃

𝑎
+ 𝑐 =

1

𝑎
𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑥

𝑎
) + 𝑐  

(i)(a) 𝐼 = [𝑎𝑟𝑐𝑡𝑎𝑛(𝑠𝑖𝑛𝑥)]
𝜋

2

0
=

𝜋

4
 

(b) 𝑡 = tan (
𝑥

2
) ⇒ 𝑑𝑡 =

1

2
𝑠𝑒𝑐2 (

𝑥

2
) 𝑑𝑥 =

1

2
(𝑡2 + 1) 𝑑𝑥 

Also 𝑡𝑎𝑛𝑥 =
2𝑡

1−𝑡2  , and the hypotenuse of the right-angled triangle 

with other sides of  2𝑡 & 1 − 𝑡2  is √4𝑡2 + (1 − 𝑡2)2 = 1 + 𝑡2 

 

so that  𝑐𝑜𝑠𝑥 =
1−𝑡2

1+𝑡2  & 𝑠𝑖𝑛𝑥 =
2𝑡

1+𝑡2  

Then ∫
1−𝑡2

1+6𝑡2+𝑡4  𝑑𝑡 =
1

2
∫

(1−𝑡2)(1+𝑡2)

(1+𝑡2)2+4𝑡2 𝑑𝑥
𝜋

2
0

1

0
 

1

2
∫

(1−𝑡2)/(1+𝑡2)

1+[
4𝑡2

(1+𝑡2)
2]

𝑑𝑥
𝜋

2
0

=
1

2
∫

𝑐𝑜𝑠𝑥

1+𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

2
0

=
1

2
𝐼, as required 

 

(ii)  If we make the same substitution as in (i)(b), then we obtain 

∫
1−𝑡2

1+14𝑡2+𝑡4  𝑑𝑡 =
1

2
∫

(1−𝑡2)(1+𝑡2)

(1+𝑡2)2+12𝑡2 𝑑𝑥
𝜋

2
0

1

0
  

=
1

2
∫

(1−𝑡2)/(1+𝑡2)

1+3[
4𝑡2

(1+𝑡2)
2]

𝑑𝑥
𝜋

2
0

=
1

2
∫

𝑐𝑜𝑠𝑥

1+3𝑠𝑖𝑛2𝑥
𝑑𝑥

𝜋

2
0

  

=
1

6
∫

𝑐𝑜𝑠𝑥
1

3
+𝑠𝑖𝑛2𝑥

𝑑𝑥
𝜋

2
0

=
1

6
[(

1

(
1

√3
)
) 𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑠𝑖𝑛𝑥

√
1

3

)]
𝜋

2

0
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=
√3

6
(

𝜋

3
− 0) =

𝜋√3

18
   

 


