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STEP 2007, Paper 1, Q12 – Solution (3 pages; 21/5/18) 

(i) 𝑃(1𝑠𝑡 𝑖𝑠 𝑅) =
𝑎

𝑁
 

𝑃(2𝑛𝑑 𝑖𝑠 𝑅) = 𝑃(1𝑠𝑡 𝑖𝑠 𝑅)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑖𝑠 𝑅)  

+𝑃(1𝑠𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑅)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑅)  

= (
𝑎

𝑁
) (

𝑎−1

𝑁−1
) + (

𝑁−𝑎

𝑁
) (

𝑎

𝑁−1
)  

=
𝑎

𝑁(𝑁−1)
(𝑎 − 1 + 𝑁 − 𝑎) =

𝑎

𝑁
= 𝑃(1𝑠𝑡 𝑖𝑠 𝑅), as required 

[We could also argue along the following lines: "Drawing one 

sweet and then another is no different from putting both hands 

into the bag and drawing a sweet with each hand, but designating 

the right-hand sweet as the 1st drawn. But alternatively we could 

have designated the right-hand sweet as the 2nd drawn." 

However, it is hard to be sure that a 'convincing' argument has 

been made (especially if it doesn't appear in the examiners' mark 

scheme), so the calculation is probably safer.] 

 

(ii) The examiners' report strongly recommends the use of a tree 

diagram. Alternatively, you can just break the problem down into 

separate cases, as below. 

𝑃(1𝑠𝑡 𝑖𝑠 𝑅) = 𝑝 (
𝑎

𝑁
) + 𝑞 (

𝑏

𝑁
) =

𝑝𝑎+𝑞𝑏

𝑁
  

Case 1: If 1st coin is H 

𝑃(2𝑛𝑑 [𝑠𝑤𝑒𝑒𝑡] 𝑖𝑠 𝑅) = 𝑃(1𝑠𝑡 𝑖𝑠 𝑅)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑖𝑠 𝑅)  

+𝑃(1𝑠𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑅)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑅)  

=
𝑎

𝑁
{𝑝 (

𝑎−1

𝑁−1
) + 𝑞 (

𝑏+1

𝑁+1
)} + 

(𝑁−𝑎)

𝑁
{𝑝 (

𝑎

𝑁−1
) + 𝑞 (

𝑏

𝑁+1
)} 

=
1

𝑁(𝑁−1)(𝑁+1)
{𝑎𝑝(𝑎 − 1)(𝑁 + 1) + 𝑎𝑞(𝑏 + 1)(𝑁 − 1)  
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+(𝑁 − 𝑎)𝑝𝑎(𝑁 + 1) + (𝑁 − 𝑎)𝑞𝑏(𝑁 − 1)}  

=
1

𝑁(𝑁−1)(𝑁+1)
{𝑎𝑝(𝑁 + 1)[𝑎 − 1 + 𝑁 − 𝑎]  

+𝑞(𝑁 − 1)[𝑎𝑏 + 𝑎 + 𝑁𝑏 − 𝑎𝑏]}  

=
1

𝑁(𝑁−1)(𝑁+1)
{𝑎𝑝(𝑁 + 1)(𝑁 − 1) + 𝑞(𝑁 − 1)(𝑎 + 𝑁𝑏)}  

=
1

𝑁(𝑁+1)
{𝑎𝑝𝑁 + 𝑎𝑝 + 𝑞𝑎 + 𝑞𝑁𝑏}  

 =
1

𝑁(𝑁+1)
{𝑁(𝑎𝑝 + 𝑞𝑏) + 𝑎} , since 𝑝 + 𝑞 = 1 

 

Case 2: If 1st coin is T 

The situation is the same as before, with the roles of 𝑎 & 𝑏 

exchanged, and also the roles of 𝑝 & 𝑞. 

Thus  𝑃(2𝑛𝑑 [𝑠𝑤𝑒𝑒𝑡] 𝑖𝑠 𝑅) =
1

𝑁(𝑁+1)
{𝑁(𝑏𝑞 + 𝑝𝑎) + 𝑏}  

 

Finally,  𝑃(2𝑛𝑑 𝑖𝑠 𝑅) = 𝑃(1𝑠𝑡 𝑐𝑜𝑖𝑛 𝑖𝑠 𝐻)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑐𝑜𝑖𝑛 𝑖𝑠 𝐻) 

+𝑃(1𝑠𝑡 𝑐𝑜𝑖𝑛 𝑖𝑠 𝑇)𝑃(2𝑛𝑑 𝑖𝑠 𝑅|1𝑠𝑡 𝑐𝑜𝑖𝑛 𝑖𝑠 𝑇)  

 

=
𝑝

𝑁(𝑁+1)
{𝑁(𝑎𝑝 + 𝑞𝑏) + 𝑎} +

𝑞

𝑁(𝑁+1)
{𝑁(𝑏𝑞 + 𝑝𝑎) + 𝑏}  

=
1

𝑁(𝑁+1)
{𝑝𝑁(𝑎𝑝 + 𝑞𝑏) + 𝑝𝑎 + 𝑞𝑁(𝑏𝑞 + 𝑝𝑎) + 𝑞𝑏}  

=
1

𝑁(𝑁+1)
{(𝑝𝑁 + 𝑞𝑁)(𝑎𝑝 + 𝑞𝑏) + 𝑝𝑎 + 𝑞𝑏}  

=
1

𝑁(𝑁+1)
{𝑁(𝑎𝑝 + 𝑞𝑏) + 𝑝𝑎 + 𝑞𝑏} , as 𝑝 + 𝑞 = 1 

=
1

𝑁(𝑁+1)
{(𝑁 + 1)(𝑎𝑝 + 𝑞𝑏)}  
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=
𝑝𝑎+𝑞𝑏

𝑁
= 𝑃(1𝑠𝑡 𝑖𝑠 𝑟𝑒𝑑) , as required 

 


