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STEP 2006, Paper 3, Q4 - Solution (2 pages; 19/5/18) 

Let 𝑥 = 𝑦, to give 2𝑓(𝑥) ≡ 𝑓(2𝑥)  (1) 

Let 𝑢 = 2𝑥. Then, differentiating both sides wrt 𝑥: 

 2𝑓′(𝑥) =
𝑑

𝑑𝑢
𝑓(𝑢).

𝑑𝑢

𝑑𝑥
= 𝑓′(𝑢)(2) = 2𝑓′(2𝑥);  ie  𝑓′(𝑥) = 𝑓′(2𝑥) 

Then 𝑓′′(𝑥) =
𝑑

𝑑𝑥
𝑓′(2𝑥) =

𝑑

𝑑𝑢
𝑓′(𝑢).

𝑑𝑢

𝑑𝑥
= 𝑓′′(𝑢)(2) = 2𝑓′′(2𝑥) 

So  𝑓′′(0) = 2𝑓′′(0), and hence  𝑓′′(0) = 0, as required. 

 

From 𝑓′′(𝑥) = 2𝑓′′(2𝑥), 𝑓(3)(𝑥) = 2
𝑑

𝑑𝑢
𝑓′′(𝑢)

𝑑𝑢

𝑑𝑥
= 4𝑓(3)(2𝑥), 

and so on for higher derivatives, so that  𝑓(𝑛)(0) = 0  for 𝑛 ≥ 2 

Also from (1),  2𝑓(0) ≡ 𝑓(0), so that 𝑓(0) = 0  as well. 

The Maclaurin series for 𝑓(𝑥) is 

𝑓(0) + 𝑥𝑓′(0) +
𝑥2𝑓′′(0)

2!
+ ⋯  , so that in this case 

𝑓(𝑥) = 𝑥𝑓′(0) = 𝑎𝑥, say, where 𝑎 is a constant for a given 𝑓(𝑥)  

 

(i) 𝑔(𝑥)𝑔(𝑦) = 𝑔(𝑥 + 𝑦) ⇒ 𝑙𝑛𝑔(𝑥) + 𝑙𝑛𝑔(𝑦) = 𝑙𝑛𝑔(𝑥 + 𝑦) 

ie 𝐺(𝑥) + 𝐺(𝑦) = 𝐺(𝑥 + 𝑦) ⇒ 𝐺(𝑥) = 𝑎𝑥 

ie 𝑙𝑛𝑔(𝑥) = 𝑎𝑥,  so that 𝑔(𝑥) = 𝑒𝑎𝑥 

 

(ii) ℎ(𝑥) + ℎ(𝑦) = ℎ(𝑥𝑦) ⇒ ℎ(𝑒𝑢) + ℎ(𝑒𝑣) = ℎ(𝑒𝑢𝑒𝑣) = ℎ(𝑒𝑢+𝑣) 

⇒ 𝐻(𝑢) + 𝐻(𝑣) = 𝐻(𝑢 + 𝑣) ⇒ 𝐻(𝑥) = 𝑎𝑥  

ie  ℎ(𝑒𝑥) = 𝑎𝑥 

Let 𝑧 = 𝑒𝑥 ; then  ℎ(𝑧) = 𝑎𝑙𝑛𝑧 
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(iii) The form of 𝑧 =
𝑥+𝑦

1−𝑥𝑦
  suggests letting 𝑥 = 𝑡𝑎𝑛𝜃  & 𝑦 = 𝑡𝑎𝑛𝜙, 

when 𝑧 = tan (𝜃 + 𝜙) 

Then 𝑡(𝑥) + 𝑡(𝑦) = 𝑡(𝑧)  [with 𝑡 presumably hinting at 𝑡𝑎𝑛!] 

⇒ 𝑡(𝑡𝑎𝑛𝜃) + 𝑡(𝑡𝑎𝑛𝜙) = 𝑡(tan(𝜃 + 𝜙))  

Let  𝑇(𝑥) = 𝑡(𝑡𝑎𝑛𝑥) 

so that 𝑇(𝜃) + 𝑇(𝜙) = 𝑇(𝜃 + 𝜙) 

⇒ 𝑇(𝑥) = 𝑎𝑥 ; ie  𝑡(𝑡𝑎𝑛𝑥) = 𝑎𝑥 

Let  𝑢 = 𝑡𝑎𝑛𝑥;  then 𝑡(𝑢) = 𝑎(𝑎𝑟𝑐𝑡𝑎𝑛𝑢) 

 


