
 fmng.uk 

1 
 

STEP 2006, Paper 3, Q12 – Solution (2 pages; 20/5/18) 

Let X be the number of tourists (out of 1024) taking the bus. 

Then 𝑋~𝐵(1024,
1

2
) ≈ 𝑁(512, 256) 

E(Annual profit | n buses) = 50𝑃(𝑋 ≥ 32𝑛)(32𝑛) 

+50∫ 𝑥𝑓(𝑥)𝑑𝑥
32𝑛

−∞
= 𝐴(𝑛) + 𝐵(𝑛),  say  

The largest licence fee to be considered is the extra profit to be 

expected from increasing the number of buses from 15 to 16; ie 

𝐴(16) + 𝐵(16) − [𝐴(15) + 𝐵(15)]  

 

𝑃(𝑋 ≥ 32𝑛) = 1 − 𝑃(𝑍 <
32𝑛−512

√256
)  

𝑃(𝑋 ≥ 32(16)) = 1 − 𝑃(𝑍 < 0) = 0.5  

𝑃(𝑋 ≥ 32(15)) = 1 − 𝑃(𝑍 < −2) = 𝑃(𝑍 < 2) = Φ(2)  

So  𝐴(16) = 50(32)(16)(0.5) = 12800 

and 𝐴(15) = 50(32)(15)Φ(2) = 24000Φ(2)   

 

𝐵(16) − 𝐵(15) = 50∫ 𝑥𝑓(𝑥)𝑑𝑥
512

480
  

Let 𝑧 =
𝑥−512

√256
=

𝑥−512

16
 , so that  𝑑𝑧 =

1

16
𝑑𝑥 , 

and since  𝑓(𝑥) =
1

16√2𝜋
𝑒−

1

2
(
𝑥−512

16
)2, 

𝐵(16) − 𝐵(15) = 50∫ (16𝑧 + 512)
1

16√2𝜋
𝑒−

1

2
𝑧2(16)𝑑𝑧

0

−2
,  

= 800∫ 𝑧
1

√2𝜋
𝑒−

1

2
𝑧2𝑑𝑧

0

−2
+ 25600∫

1

√2𝜋
𝑒−

1

2
𝑧2𝑑𝑧

0

−2
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= 800
1

√2𝜋
[−𝑒−

1

2
𝑧2]

0
−2

+ 25600(Φ(2) − 0.5)    

= 800
1

√2𝜋
(−1 + 𝑒−2) + 25600Φ(2) − 12800  

 

Thus  𝐴(16) + 𝐵(16) − [𝐴(15) + 𝐵(15)]  

= 𝐴(16) − 𝐴(15) + [𝐵(16) − 𝐵(15)]  

= [12800 − 24000Φ(2)] + 800
1

√2𝜋
(𝑒−2 − 1)  

+25600Φ(2) − 12800  

= 1600Φ(2) − 800
1

√2𝜋
(1 − 𝑒−2) , as required 

   

 


