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STEP 2006, Paper 3, Q10 – Solution (2 pages; 19/5/18) 

Conservation of energy:  
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(𝑚𝑎2 & 𝑚𝑟2 being the moment of inertia of the particle initially 

and at time 𝑡) 

⇒ 𝑉2 + 𝑘2Ω2 + 𝑎2Ω2 = (
𝑑𝑟

𝑑𝑡
)

2
+ 𝑘2ω2 + 𝑟2𝜔2  

⇒ (
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2
= 𝑉2 + Ω2(𝑘2 + 𝑎2) − ω2(𝑘2 + 𝑟2)  

[noting the forms of the expressions to be established] 

Also, from conservation of angular momentum: 

(𝑚𝑘2 + 𝑚𝑎2)Ω = (𝑚𝑘2 + 𝑚𝑟2)𝜔  

⇒ 𝜔 =
Ω(𝑘2+𝑎2)

𝑘2+𝑟2   , as required   (1) 

Then  (
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{𝑎2(𝑘2 + 𝑟2) + 𝑘2(𝑘2 + 𝑟2) − 𝑘2(𝑘2 + 𝑎2)}  
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{𝑟2(𝑎2 + 𝑘2)} = 

Ω2𝑟2(𝑘2+𝑎2)2

𝑘2(𝑘2+𝑟2)
 , as required   (2) 
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Then from (1) & (2), (
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=
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𝑘2   

As the particle is moving towards 0, 
𝑑𝑟

𝑑𝑡
< 0,  and hence 
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1

𝜔
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So  
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𝑘
 , giving  𝑘
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𝑑𝜃
= −𝑟(𝑘2 + 𝑟2)

1

2, as required. 
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   and hence  𝜃 − 0 = −𝑘 ∫

1
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[as an alternative to establishing the constant of integration 

explicitly; R is a dummy variable] 

Let 𝑢 = 𝑘/𝑅, so that 𝑑𝑢 = −
𝑘

𝑅2 𝑑𝑅 

and  𝜃 = ∫
𝑢
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(
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𝑘
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𝑘
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= ∫
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𝑘
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= [𝑎𝑟𝑠𝑖𝑛ℎ𝑢]
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So 𝜃 = 𝑎𝑟𝑠𝑖𝑛ℎ (
𝑘

𝑟
) − 𝑎𝑟𝑠𝑖𝑛ℎ(

𝑘

𝑎
) 

and  𝜃 + 𝛼 = 𝑎𝑟𝑠𝑖𝑛ℎ (
𝑘

𝑟
),  where 𝑠𝑖𝑛ℎ𝛼 = 𝑘/𝑎 

Thus  𝑟𝑠𝑖𝑛ℎ(𝜃 + 𝛼) = 𝑘, as required. 

The particle reaches the axis when 𝑟 = 0, which requires 𝜃 = ∞; 

ie it never happens. 

 


