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STEP 2006, P2, Q2 - Solution (3 pages; 16/5/18)

e=el=1+14+14+14..> 23=§,asrequired
2 ' 6 3 3

To show that n! > 2" for n > 4:

Proof by induction

Whenn =4, n! = 24 > 16 = 2". Thus the result is true for n = 4.

Assume that the result is true for n = k, so that k! > 2k

(k+1)! _ (k+1)k! k+1

= ' ! k
Then —5 20 > ——, since k! > 2

k+1 (k+1)!

As — > 1 when k = 4, it follows that ——— > 1
2 2

and hence (k + 1)! > 2k+1
So if the result is true for n = k, itis true forn = k + 1.

As the result is true for n = 4, it is therefore true forn = 5,6, ...,
and hence, by the principle of induction, for all integer n > 4.

Then e < 1+ 14-+=+— 4=+
8 1 2 6 2 2

3 ' 16 "1-1/2

(sum of an infinite geometric series)

8 1 67
=—-4-=—
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y = 3e?* + 14In G — x)

4
dx Z x
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At a stationary point, d—z =0

42 _ o (1)

so that 6e2¥ — =
4—3x



fmng.uk

x=%=>LHSof(1)=6€—:—_2§=6<e_é>=6(6_2)

2

[note at this point that e = 2.718 ... < 2.8 ]

67 14 335—-240-96 335-336
(Z-14) = 6 ) _( ) < 0
24 5 120 20

x=1=>LHSof(1)=6e2—42>6(%—7)=§(64—63)>0

Thus there is a root of (1) between 1/2 and 1 (since Z—i’ is

continuous in this interval), and hence a stationary point occurs
between 1/2 and 1.

d . . d
Also, as d—z < 0 to the left of the stationary point, and % > 0 to the

right of the stationary point, we can conclude that the stationary
point is a minimum turning point.

[Strictly speaking, there could be more than one stationary point
between 1/2 and 1, but one of them must be a minimum in order

for % to change from being -ve to being +ve]
x=0=>y=34+14In(4/3) >3
Asx —» —oo,y > 0 + o0

Asx—>§,y—>368/3—oo

Hence there must be a maximum turning point between 1 and
4/3.
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