STEP 2006, Paper 2, Q10 - Solution (4 pages; 13/4/21)
)

Referring to the diagram, by conservation of momentum:

mu = mv, + kmvg, so that u = v, + kvg (1)

) N 1
And, by Newton’s law of restitution, vg — v, = S U (2)

Adding (1) & (2) gives (k + Dvg = %u, so that vp = 2(13;31)
_ 3u_ 1. u@B-k-1) _ u-k)
Then, from (2), v, = 2+ 2% T T2kd1) . 2(k+1)

e ¥C <

For the collision between B and C,
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CoM: kmvg = kmwg + 3mwg,

so that kvg = kwg + 3w (3)

NLR: wg — wp = - vp (4)
Substituting for w, from (4) into (3),
kvg = kwg + 3(wp + ivB)

= 4kvg = 4kwg + 12w + 3vp

= vg(4k — 3) = wg(4k + 12)

_ vp(4k—-3)  3u(4k-3)
T 4(k+3)  8(k+1)(k+3)

= wWg
We need to investigate under what circumstances v, > wg > 0
(when A and B are both moving to the right), or

—wpg > —v,4 > 0 (when they are both moving to the left); ie

0> Vg > Wpg

So the required condition is just vy > wp

. u(2-k) 3u(4k-3)
1€ 2(k+1) 8(k+1)(k+3)

or 42 —-k)(k+3) > 3(4k — 3)
or 4k*+ 16k —-33<0
or( 2k —-3)2k+11) <0

(noting that 4 X 33 = (2 X 3) X (2 X 11), and that 22 — 6 = 16;
and then that the 22k can only be obtained from 2k(11) )

. . 11 3
Hence, considering the quadratic curve, — Y <k< >

andthus,ask>0,0<k<;
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(ii)

Let T; be the period between the 1st collision of A & B and the
collision of B& C. Then T; = i

1]
From (l)r Vp = 2(;9::1) , SO that with k = 1, Tl = g
Withk = 1,v, = ;‘E:’B =2

During T;, A and B have relative speeds vg — v, = %u, from (i).

So during this period A and B have moved apart by a distance

1 1  4d 2d
di=-uly=-u.—=—
2 2 "3u 3
. 3u(4k-3 3
Withk = 1,wg = utk=3) _ 3u

8(k+1)(k+3) 64

Let T, be the period between the collision of B & C and the 2nd
collision of A & B.

During this time, A and B have relative speeds wg — v,

_3u u_ -13u
T 64 4 64
2d
dy _ (3) _ 128d

and so T,=mr==Da=
C)  Go) 3
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: : 4d | 128d
Hence the required time, T; + T, = P

d(52+128) 180d  60d _
= = = , as required.
39u 39u 13u




