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(i) Taking OAB as the base, volume =
1

3
(
1

2
𝑎𝑏) 𝑐 =

1

6
𝑎𝑏𝑐   

(ii) By the Cosine rule,  𝐴𝐵2 = 𝐴𝐶2 + 𝐵𝐶2 − 2𝐴𝐶. 𝐴𝐵. 𝑐𝑜𝑠𝜃 

⇒ 𝑐𝑜𝑠𝜃 =
𝐴𝐶2+𝐵𝐶2−𝐴𝐵2

2𝐴𝐶.𝐴𝐵
=

(𝑎2+𝑐2)+(𝑏2+𝑐2)−(𝑎2+𝑏2)

2√(𝑎2+𝑐2)(𝑏2+𝑐2)
 =

𝑐2

√(𝑎2+𝑐2)(𝑏2+𝑐2)
  

as required. (Using the scalar product is a bit quicker, as in the 

H&A.) 

Area of ABC =
1

2
𝐴𝐶. 𝐵𝐶𝑠𝑖𝑛𝜃 

𝑠𝑖𝑛2𝜃 = 1 −
𝑐4

(𝑎2+𝑐2)(𝑏2+𝑐2)
= 

𝑎2𝑏2+𝑎2𝑐2+𝑐2𝑏2

(𝑎2+𝑐2)(𝑏2+𝑐2)
 

so that  Area of ABC =
1

2
√(𝑎2 + 𝑐2)(𝑏2 + 𝑐2) .

√𝑎2𝑏2+𝑎2𝑐2+𝑐2𝑏2

√(𝑎2+𝑐2)(𝑏2+𝑐2)
 

=
1

2
√𝑎2𝑏2 + 𝑎2𝑐2 + 𝑐2𝑏2  

 

Taking ABC as the base, volume =
1

3
(
1

2
√𝑎2𝑏2 + 𝑎2𝑐2 + 𝑐2𝑏2) 𝑑 

Then, from (i), 
1

3
(
1

2
√𝑎2𝑏2 + 𝑎2𝑐2 + 𝑐2𝑏2)𝑑 =

1

6
𝑎𝑏𝑐, 
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so that  (𝑎2𝑏2 + 𝑎2𝑐2 + 𝑐2𝑏2)𝑑2 = 𝑎2𝑏2𝑐2 

and 
1

𝑑2
=

(𝑎2𝑏2+𝑎2𝑐2+𝑐2𝑏2)

𝑎2𝑏2𝑐2
=

1

𝑐2
+

1

𝑏2
+

1

𝑎2
  , 

giving the required answer. 

 


