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STEP 2006, Paper 1, Q4  – Solution (3 pages; 13/5/18) 

[There are a couple of 'typos' in the H&As - see below.] 

[Radians must be used here, in order for the gradient of 𝑦 = 𝑠𝑖𝑛𝑥 

to tend to 1 as 𝑥 → 0] 

 

 

 

 

 

 

 

 

(i) The gradient of 𝑦 = 𝑠𝑖𝑛𝑥  at 𝑥 = 0 is 𝑐𝑜𝑠(0) = 1, and for 

small 𝑥 > 0  it is 𝑐𝑜𝑠𝑥 < 1 and ≤ 1 for larger values of 𝑥; ie the 

graph of 𝑦 = 𝑠𝑖𝑛𝑥 falls below that of 𝑦 = 𝑥 and is never steeper 

than it, so that 𝑥 > 𝑠𝑖𝑛𝑥 for 𝑥 > 0 

(ii) For small 𝑥, the graphs of  𝑦 = 𝑠𝑖𝑛𝑥  and  𝑦 = 𝑥  have 

approximately the same gradient of 1 (as 𝑐𝑜𝑠𝑥 ≈ 1 for small 𝑥), 

and, as they both pass through the Origin, it follows that 𝑠𝑖𝑛𝑥 ≈ 𝑥, 

and hence  
𝑠𝑖𝑛𝑥

𝑥
≈ 1 for small 𝑥 
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The regular pentagon shown in Fig. 2 is representative of a 

general polygon.  The area of the triangle shown is  
1

2
(

𝑃

𝑛
) ℎ 

where  ℎ𝑡𝑎𝑛𝜃 =
1

2
(

𝑃

𝑛
)  and  𝜃 =

1

2
(

2𝜋

𝑛
) =

𝜋

𝑛
 

Thus the area of the polygon, A (say) is   𝑛 (
1

2
) (

𝑃

𝑛
)

1

2
(

𝑃

𝑛
) /𝑡𝑎𝑛 (

𝜋

𝑛
) 

=
𝑃2

4𝑛𝑡𝑎𝑛(
𝜋

𝑛
)
 , as required. 

𝑑𝐴

𝑑𝑛
=

𝑃2

4
(−1) (𝑛𝑡𝑎𝑛 (

𝜋

𝑛
))

−2

{𝑡𝑎𝑛 (
𝜋

𝑛
) + 𝑛𝑠𝑒𝑐2 (

𝜋

𝑛
) (𝜋)(−1)𝑛−2} 

[The H&A are missing the (−1) near the start.] 

We wish to show that  
𝑑𝐴

𝑑𝑛
> 0 

⇔ 𝑡𝑎𝑛 (
𝜋

𝑛
) + 𝑛𝑠𝑒𝑐2 (

𝜋

𝑛
) (𝜋)(−1)𝑛−2 < 0    (1) 

⇔ 𝑡𝑎𝑛𝑥 < 𝑥𝑠𝑒𝑐2𝑥,  where 𝑥 =
𝜋

𝑛
 

⇔
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑥
<

𝑥

𝑐𝑜𝑠2𝑥
  

⇔
𝑠𝑖𝑛𝑥

𝑥
<

1

𝑐𝑜𝑠𝑥
  (1) (as 𝑥 > 0  &  𝑐𝑜𝑠𝑥 = 𝑐𝑜𝑠 (

𝜋

𝑛
) > 0) 

[In the H&A, the line which ends with "which tells us that 

 𝑠𝑖𝑛𝑥 < 𝑥", should start with ">", rather than "<"] 

As  
𝑠𝑖𝑛𝑥

𝑥
< 1  from (i)  and 1 <

1

𝑐𝑜𝑠𝑥
 for small 𝑥 > 0, 

it follows that (1) is true, and hence that 
𝑑𝐴

𝑑𝑛
> 0 
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From Fig. 2, the radius of the circle, 𝑟  satisfies  𝑟𝑠𝑖𝑛𝜃 =
1

2
(

𝑃

𝑛
) 

and hence the area of the circle, C (say) is  𝜋 (
(

𝑃

2𝑛
)

𝑠𝑖𝑛(
𝜋

𝑛
)
)

2

=
𝑥𝑃2

4𝑛𝑠𝑖𝑛2𝑥
   

and so  
𝐴

𝐶
=

(
𝑃2

4𝑛𝑡𝑎𝑛𝑥
)

(
𝑥𝑃2

4𝑛𝑠𝑖𝑛2𝑥
)

=
𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥

𝑥𝑠𝑖𝑛𝑥
≈ 𝑐𝑜𝑠𝑥,   as 

𝑠𝑖𝑛𝑥

𝑥
≈ 1 

So, as 𝑐𝑜𝑠𝑥 ≈ 1  for small 𝑥 =
𝜋

𝑛
 ,  

𝐴

𝐶
≈ 1, as required. 

 


