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STEP 2005, Paper 3, Q2 - Solution (2 pages; 11/5/18)

[According to the Examiner’s Report, this question was
attempted by almost all candidates. There are 3 “show that”
results, and the method is standard, making it a very promising
question. The solution is not particularly long (and this is
reasonably evident from the question).]

ay _ —
ax xz+a2 Zf dy = fx2+a2
= 2In|y| = —In(x? + a?) + In(4) , where A > 0
A
= ln(yz) =In (x2+a2)
, A
=Y = x2%+a?

= y2(x?+a?) =c? (asd>0)

To sketch the curve:

Qx=0=>y= ig;y = 0 only occursatx = too
(b) The curve is defined for all values of x.

(c)Asx —> +o0,y >0

(d) To find the range of y:

2
2:

2752750 that y? is maximised when x = 0; ie y lies in

y
[_2 72]

(though y # 0)

(e)%= O=>x=00ry= O(notpossible,buti—z—>0a5y—> 0)

(f) >0Whenx>0&y<0 or x<0&y>0
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%<Owhenx>0&y>0 or x<0&y<0

(g) Replacing x with — x or y with — y has no effect, so there is
symmetry about both the x & y axes.

2xy? 2

a2 2y dy _ o o 2xc
dx (" +y%) =2x+2y dx 2x x2+a? 2x (x2+a?)?

daz . 9 2y _ o 2c? 2 232 _ 2
Then — (x“+y)=2 ran) {(x*+a°)*(1) —x(2)(x* +
a*)(2x)}

c? 8c2x? :
=2 {1 — (x2+a2)2} + 2ra?)s ' 3S required

(i) Distance from Origin = x? + y?
To minimise this distance:

c

2
(x2+a2)2} =0

a . 2 2y _ —
dx(x +y )—0=>2x{1
>x=0o0rx*+a’=c (1)

But as ¢ < a?, x? + a? = cis not possible; sox = 0

d? c?

E(x2 +y)|(x=0) = 2{1 _F} >0, as ¢ < a?

Thus the distance from the Origin is minimised when x = 0,

and y2a? = ¢?, sothaty = ig,as required.
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(ii) When ¢ > a?, from (1), eitherx = 0 or x> + a? = ¢
For x = 0:

2
c > a? :%(xz + y)|(x = 0) <0 = maximum

For x2 + a? = c:

2 , ., -,
L+ D)2+ a? = o) = 0+ G0 e

> 0,

c

asc>a® >0,
so that there is a minimum at x = +Vc¢ — a?,

when y? = ¢, and hence the required points are (+Vc — a2, +/c)



