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STEP 2005, Paper 1, Q14 – Solution (2 pages; 10/5/18) 

 

[According to the ER, there were no successful attempts at this 

question; which indicates how under-rated these distribution 

questions are: there is hardly any theory involved, and the 

question often amounts to no more than a bit of integration.] 

[Be careful not to use the cdf instead of the pdf, or vice-versa, for 

distribution questions.] 

(i) Total prob. =1, so 

𝑚 + 𝑘(1 − 𝑒−∞) = 1 ⇒ 𝑚 + 𝑘 = 1 ⇒ 𝑘 = 1 − 𝑚  

 

(ii)  For 0 ≤ 𝑋 < ∞, pdf of X =
𝑑

𝑑𝑥
(𝑘(1 − 𝑒−𝑥)) 

= 𝑘𝑒−𝑥 = (1 − 𝑚)𝑒−𝑥  

 𝐸(𝑋) = 𝑃(𝑋 = −1)(−1) + ∫ 𝑥. (1 − 𝑚)𝑒−𝑥𝑑𝑥
∞

0
        (*) 

= −𝑚 + (1 − 𝑚)[𝑥(−𝑒−𝑥)]
∞
0

− (1 − 𝑚) ∫ (−𝑒−𝑥)𝑑𝑥
∞

0
  

[integrating by Parts] 

since  𝑥𝑒−𝑥 → 0 𝑎𝑠 𝑥 → ∞ 

= −𝑚 + 0 + (1 − 𝑚)[−𝑒−𝑥]
∞
0

  

= −𝑚 + (1 − 𝑚)(0 + 1) = 1 − 2𝑚  

 

(iii) 𝑉𝑎𝑟(𝑋) = 𝐸(𝑋2) − (𝐸(𝑋))2 

𝐸(𝑋2) = 𝑚(−1)2 + ∫ 𝑥2. (1 − 𝑚)𝑒−𝑥𝑑𝑥
∞

0
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= 𝑚 + (1 − 𝑚)[𝑥2(−𝑒−𝑥)]
∞
0

− (1 − 𝑚) ∫ 2𝑥(−𝑒−𝑥)𝑑𝑥
∞

0
  

= 𝑚 + 0 + 2(1 − 𝑚) ∫ 𝑥𝑒−𝑥𝑑𝑥
∞

0
  

= 𝑚 + 2[𝐸(𝑋) + 𝑚], 𝑓𝑟𝑜𝑚 (∗)  

 

= 𝑚 + 2[1 − 2𝑚 + 𝑚] = 2 − 𝑚  

Then 𝑉𝑎𝑟(𝑋) = 2 − 𝑚 − (1 − 2𝑚)2 = 2 − 𝑚 − 1 + 4𝑚 − 4𝑚2 

= 1 + 3𝑚 − 4𝑚2  

Let M be the median. 

Then 𝑃(𝑋 < 𝑀) =
1

2
 , 

so that  𝑚 + 𝑘(1 − 𝑒−𝑀) = 1/2  (since 𝑚 < 1/2, so that 𝑀 > 0) 

Then 1 − 𝑒−𝑀 =
1

2
−𝑚

1−𝑚
=

1−2𝑚

2(1−𝑚)
 

⇒ 𝑒−𝑀 = 1 −
1−2𝑚

2(1−𝑚)
=

2−2𝑚−1+2𝑚

2(1−𝑚)
=

1

2(1−𝑚)
  

⇒ 𝑒𝑀 = 2(1 − 𝑚)  and  𝑀 = ln (2 − 2𝑚) 

 

(iv) 𝐸(|𝑋|1/2) = 1(𝑚) + ∫ 𝑥1/2(1 − 𝑚)𝑒−𝑥𝑑𝑥
∞

0
 

Let 𝑦2 = 𝑥, so that 2𝑦𝑑𝑦 = 𝑑𝑥 

Then   𝐸(|𝑋|1/2) = 𝑚 + 2(1 − 𝑚) ∫ 𝑦2𝑒−𝑦2
𝑑𝑦

∞

0
 

= 𝑚 + 2(1 − 𝑚).
1

4
√𝜋  

= 𝑚 +
1

2
(1 − 𝑚)√𝜋  


