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STEP 2003, Paper 2, Q2 - Solution (3 pages; 27/3/24)

1st Part
T
9=3
2nd Part
The result to be proved can be written as
m V3\ 5
5 —arctan (7) = arccos (\/7_8)
From the 1st Part, 4 cos( ) + 2\/_sm( ) =5 (™

: 3 3
Now, if tana = \/7_ for an acute a (so that a = arctan (g)),

_ 2 2 2 _ 2 . _ V3
then cosa = = (as 22 + (v/3)? = (W7)?), and sina = = (**)

Then(*)=>\/—_cos() \/L__ ] (E)Z\/%_s

or %cos (g) +£Sin (g) _ %8

2

[e0]

Hence, from (**): cos( a) i,where a = arctan (g),

c'JI;I

and it follows that

i) + 2mn

) + 2nm or — arccos (\/ﬁ

T a= arccos( >
3 o V28

(for integer n & m to be determined)

+ 2nm, then n must be 0, as

If g = a + arccos (\/%_8)

\/2_) are both acute (n = 1 makes the RHS > 2,

whilst n < 0 makes the RHS < 0)

5
a & arccos (
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T 5
Andle—O( arccos(m)+2mn,

T 5
so that 3 + arccos (\/7_8) = a + 2mmn,
Then in the same way, m must be 0
But = — a —E—arctan(ﬁ) >E—arctan(\/§) =Z_Z-9
3 3 2 3 3 3

SO thatg — a > 0, and therefore m cannot equal O.

T V3 5 )
Hence — — arctan (— ) = arccos (—=), as required.
3 2 V28

Alternative approach

5
If cosa = —, then tana =

\V28-25
V28’ 5

Then show that tan(a + ) = tan(g), where tanf = g,
sothat a + f =§+nn,

and show thatn =0

3rd Part

The result to be proved can be written as
3 : 2
Z 4 arctan (—) = arcsin (i)
4 4 10
: 3 . (3 4
Noting that arctan (Z) = arcsin (E) = arccos (E)’
: . (T 3
consider sin (Z + arctan (Z))
e 4 T\ . . (3
= sin (—) cos (arccos (—)) + cos (—) sin (arcsm (—))
4 5 4 5
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Hence % + arctan G) = arcsin (%E) + 2nm

. (72
or 7 — arcsin (1—0) + 2mm

(for integer n & m to be determined)

T

As 0 <Z+arctan (E) <Zy arctan(1) = =,
4 4 4 2

n can only be 0;

) s . (72 ) )
and since > < T — arcsin (1—0) < 1, no m is possible.

3 . (72 .
And so % + arctan (Z) = arcsin (T\i)—), as required.
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