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Numerical Differentiation (8 pages; 31/3/20)   

 

(1) Forward difference approximation to the derivative: 

𝑓′(𝑥) ≈
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
    (for small ℎ) 

 

 

(2) Central difference approximation to the derivative: 

𝑓′(𝑥) ≈
𝑓(𝑥+ℎ)−𝑓(𝑥−ℎ)

2ℎ
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(3) Example:  𝑓(𝑥) = 𝑠𝑖𝑛𝑥 

To find 𝑓′(1) using the forward difference and central difference 

methods: 

 

[Actual value: 𝑓′(1) = cos(1) = 0.540302306]  

 

(4) Exercise: Find an estimate for 𝑓′′(0) for 𝑓(𝑥) = 𝑠𝑖𝑛𝑥, using 

ℎ = 0.01, by (i) the Forward difference method, and (ii) the 

Central difference method. 

Solution 

(i) 𝑓′′(0) ≈
𝑓′(0.01)−𝑓′(0)

0.01
 

with 𝑓′(0) ≈
𝑓(0.01)−𝑓(0)

0.01
=

0.00999983−0

0.01
= 0.999983 

and 𝑓′(0.01) ≈
𝑓(0.02)−𝑓(0.01)

0.01
=

0.0199987−0.00999983

0.01
= 0.999887, 

so that 𝑓′′(0) ≈
0.999887−0.999983

0.01
= −0.0096 

[The actual value of 𝑓′′(0) is −𝑠𝑖𝑛(0) = 0] 
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(ii) 𝑓′′(0) ≈
𝑓′(0.01)−𝑓′(−0.01)

0.02
, 

with 𝑓′(−0.01) ≈
𝑓(0)−𝑓(−0.02)

0.02
=

0−(−0.0199987)

0.02
= 0.999935 

and 𝑓′(0.01) ≈
𝑓(0.02)−𝑓(0)

0.02
=

0.0199987−0

0.02
= 0.999935, 

so that 𝑓′′(0) ≈
0.999935−0.999935

0.02
= 0 

 

(5) The error for the forward difference can be shown to be 

approximately proportional to ℎ; ie it is a "1st order" method. The 

error for the central difference method can be shown to be 

approximately proportional to ℎ2; ie it is a "2nd order" method 

(see Appendix). For this reason, the Central difference method is 

usually an improvement on the Forward difference method. 

 

(6) A sequence is said to have 1st order convergence if  

𝑒𝑟+1 ≈ 𝑘𝑒𝑟   (where |𝑘| < 1), where 𝑒𝑟 = 𝑥𝑟 − 𝛼  

 

2nd order convergence is when 𝑒𝑟+1 ≈ 𝑘𝑒𝑟
2 (again, with |𝑘| < 1) 

 

In the case of 1st order convergence, we can show that 

𝑥𝑟+1−𝑥𝑟

𝑥𝑟−𝑥𝑟−1
(the ′ratio of differences′)  ≈ 𝑘  

Proof   

𝑒𝑟 = 𝑥𝑟 − 𝛼   and  𝑒𝑟+1 = 𝑥𝑟+1 − 𝛼 

𝑒𝑟 ≈ 𝑘𝑒𝑟−1 and 𝑒𝑟+1 ≈ 𝑘𝑒𝑟  

So  
𝑥𝑟+1−𝑥𝑟

𝑥𝑟−𝑥𝑟−1
=

(𝛼+𝑒𝑟+1)−(𝛼+𝑒𝑟)

(𝛼+𝑒𝑟)−(𝛼+𝑒𝑟−1)
 =

𝑒𝑟+1−𝑒𝑟

𝑒𝑟−𝑒𝑟−1
=

𝑘𝑒𝑟−𝑘𝑒𝑟−1

𝑒𝑟−𝑒𝑟−1
≈ 𝑘 
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 (7) Let 𝑓𝑑(ℎ) =
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
  

As the forward difference method is a 1st order method, 

𝑓𝑑(
ℎ

2𝑛)−𝑓′(𝑥)

𝑓𝑑(
ℎ

2𝑛−1)−𝑓′(𝑥)
 ≈

𝜆(
ℎ

2𝑛)

𝜆(
ℎ

2𝑛−1)
=

1

2
 

Thus 𝑒𝑛 ≈
1

2
𝑒𝑛−1, where 𝑒𝑛 = 𝑥𝑛 − 𝛼, with 𝑥𝑛 = 𝑓𝑑 (

ℎ

2𝑛)  

and 𝛼 = 𝑓′(𝑥), 

and so the forward difference method has 1st order convergence. 

 

Hence, from the ′ratio of differences′ result, 
𝑓𝑑(

ℎ

4
)−𝑓𝑑(

ℎ

2
)

𝑓𝑑(
ℎ

2
)−𝑓𝑑(ℎ)

≈
1

2
  

⇒ 𝑓𝑑 (
ℎ

4
) − 𝑓𝑑 (

ℎ

2
) ≈

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))   (1) 

⇒ 𝑓𝑑 (
ℎ

4
) ≈ 𝑓𝑑 (

ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))   (1') 

ie given 𝑓𝑑(ℎ) & 𝑓𝑑 (
ℎ

2
), we can estimate 𝑓𝑑 (

ℎ

4
) (which will be a 

better estimate for 𝑓′(𝑥)) 

Similarly, 𝑓𝑑 (
ℎ

8
) ≈ 𝑓𝑑 (

ℎ

4
) +

1

2
(𝑓𝑑 (

ℎ

4
) − 𝑓𝑑(

ℎ

2
))  (1'') 

So, from (1') & (1),  

𝑓𝑑 (
ℎ

8
) ≈ [𝑓𝑑 (

ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))]    

+
1

2
 .

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))      (2) 

And 𝑓𝑑 (
ℎ

16
) ≈ 𝑓𝑑 (

ℎ

8
) +

1

2
(𝑓𝑑 (

ℎ

8
) − 𝑓𝑑(

ℎ

4
))   (3) 

so that, from (3) & (2)  
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𝑓𝑑 (
ℎ

16
) ≈ [𝑓𝑑 (

ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ)) +

1

22 (𝑓𝑑 (
ℎ

2
) − 𝑓𝑑(ℎ)) ]  

    +
1

2
.

1

2
(𝑓𝑑 (

ℎ

4
) − 𝑓𝑑 (

ℎ

2
)) 

[as 𝑓𝑑 (
ℎ

8
) − 𝑓𝑑 (

ℎ

4
) ≈

1

2
(𝑓𝑑 (

ℎ

4
) − 𝑓𝑑 (

ℎ

2
)), from  (1'')] 

≈ 𝑓𝑑 (
ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ)) +

1

22 (𝑓𝑑 (
ℎ

2
) − 𝑓𝑑(ℎ))   

+
1

23 (𝑓𝑑 (
ℎ

2
) − 𝑓𝑑(ℎ)) ,  from (1) 

So, by repeating this process,  

𝑓′(𝑥) ≈ 𝑓𝑑 (
ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ)) +

1

22 (𝑓𝑑 (
ℎ

2
) − 𝑓𝑑(ℎ))   

+
1

23 (𝑓𝑑 (
ℎ

2
) − 𝑓𝑑(ℎ)) + ⋯  

≈ 𝑓𝑑 (
ℎ

2
) +

1

2
(𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))

1

1−
1

2

  

= 𝑓𝑑 (
ℎ

2
) + (𝑓𝑑 (

ℎ

2
) − 𝑓𝑑(ℎ))  

Naturally we would use the best pair of forward difference 

estimates available, 

when  𝑓′(𝑥) ≈ 𝑓𝑑 (
ℎ

2𝑛) + (𝑓𝑑 (
ℎ

2𝑛) − 𝑓𝑑 (
ℎ

2𝑛−1)) 

or   2𝑓𝑑 (
ℎ

2𝑛) − 𝑓𝑑 (
ℎ

2𝑛−1) 

 

Note: The same result can be obtained more simply as follows: 

𝑓𝑑(
ℎ

2𝑛)−𝑓′(𝑥)

𝑓𝑑(
ℎ

2𝑛−1)−𝑓′(𝑥)
 ≈

1

2
 ⇒ 2𝑓𝑑 (

ℎ

2𝑛) − 2𝑓′(𝑥) ≈ 𝑓𝑑 (
ℎ

2𝑛−1) − 𝑓′(𝑥) 



  fmng.uk 

6 
 

⇒ 𝑓′(𝑥) ≈ 2𝑓𝑑 (
ℎ

2𝑛) − 𝑓𝑑 (
ℎ

2𝑛−1)  

 

(8) Let 𝑐𝑑(ℎ) =
𝑓(𝑥+ℎ)−𝑓(𝑥−ℎ)

2ℎ
  

As the central difference method is a 2nd order method, 

𝑐𝑑(
ℎ

2𝑛)−𝑓′(𝑥)

𝑐𝑑(
ℎ

2𝑛−1)−𝑓′(𝑥)
 ≈

𝜆(
ℎ

2𝑛)2

𝜆(
ℎ

2𝑛−1)2
=

1

4
 

and so the central difference method has 1st order convergence, 

as 𝑒𝑛 ≈
1

4
𝑒𝑛−1   

[Note the confusing terminology: 2nd order method, but 1st order 

convergence.] 

 

In the same way as for the forward difference method, this leads 

to 

𝑓′(𝑥) ≈ 𝑐𝑑 (
ℎ

2
) +

1

4
(𝑐𝑑 (

ℎ

2
) − 𝑐𝑑(ℎ)) +

1

42 (𝑐𝑑 (
ℎ

2
) − 𝑐𝑑(ℎ))   

+
1

43 (𝑐𝑑 (
ℎ

2
) − 𝑐𝑑(ℎ)) + ⋯  

≈ 𝑐𝑑 (
ℎ

2
) +

1

4
(𝑐𝑑 (

ℎ

2
) − 𝑐𝑑(ℎ))

1

1−
1

4

  

= 𝑐𝑑 (
ℎ

2
) +

1

3
(𝑐𝑑 (

ℎ

2
) − 𝑐𝑑(ℎ))  

and more generally: 

𝑓′(𝑥) ≈ 𝑐𝑑 (
ℎ

2𝑛) +
1

3
(𝑐𝑑 (

ℎ

2𝑛) − 𝑐𝑑 (
ℎ

2𝑛−1))  

or   
4

3
𝑐𝑑 (

ℎ

2𝑛) −
1

3
𝑐𝑑 (

ℎ

2𝑛−1) 
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Appendix 

(i) Proof that Forward Difference method is a 1st order method 

One of the forms of the Taylor expansion of a function is 

𝑓(𝑥 + 𝑎) = 𝑓(𝑎) + 𝑥𝑓′(𝑎) +
𝑥2𝑓′′(𝑎)

2!
+

ℎ3𝑓′′′(𝑎)

3!
+ ⋯  

(using the notation of "Taylor Series") 

This can be rewritten as 

𝑓(ℎ + 𝑥0) = 𝑓(𝑥0) + ℎ𝑓′(𝑥0) +
ℎ2𝑓′′(𝑥0)

2!
+

ℎ3𝑓′′′(𝑥0)

3!
+ ⋯  

and it can be shown that  
ℎ2𝑓′′(𝑥0)

2!
+

ℎ3𝑓′′′(𝑥0)

3!
+ ⋯ =

ℎ2𝑓′′(𝜂)

2!
 , 

where 𝑥0 < 𝜂 < 𝑥0 + ℎ, 

so that 𝑓(𝑥0 + ℎ) = 𝑓(𝑥0) + ℎ𝑓′(𝑥0) +
ℎ2𝑓′′(𝜂)

2!
 

and hence 
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
= 𝑓′(𝑥0) +

ℎ𝑓′′(𝜂)

2!
 

Thus the error term 
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
− 𝑓′(𝑥0) is approximately 

proportional to ℎ [as 𝑓′′(𝜂) will tend to 𝑓′′(𝑥)]; ie is of order ℎ (or 

𝑂(ℎ)), and so the Forward Difference method is a 1st order 

method (because the error is of order ℎ1). 

 

(ii) Proof that Central Difference method is a 2nd order method 

It can also be shown that  

𝑓(𝑥0 + ℎ) = 𝑓(𝑥0) + ℎ𝑓′(𝑥0) +
ℎ2𝑓′′(𝑥0)

2!
+

ℎ3𝑓′′′(𝜂1)

3!
  , where 

𝑥0 < 𝜂1 < 𝑥0 + ℎ   

Also 𝑓(𝑥0 − ℎ) = 𝑓(𝑥0) + (−ℎ)𝑓′(𝑥0) +
(−ℎ)2𝑓′′′(𝑥0)

2!
+

(−ℎ)3𝑓′′′(𝜂2)

3!
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Then 𝑓(𝑥0 + ℎ) − 𝑓(𝑥0 − ℎ) = 2ℎ𝑓′(𝑥0) +
ℎ3[𝑓′′′(𝜂1)+𝑓′′′(𝜂2)]

3!
 

and hence  
𝑓(𝑥0+ℎ)−𝑓(𝑥0−ℎ)

2ℎ
= 𝑓′(𝑥0) +

ℎ2[𝑓′′′(𝜂1)+𝑓′′′(𝜂2)]

12
 

Thus the error term for the Central Difference method is 

approximately proportional to ℎ2 (ie is 𝑂(ℎ2)), and so it is a 2nd 

order method. 

 


