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N 2 1 1 .1, . 2 1 1
4 _ -1 (= st T - ==
(1) 3 2 + p (2 isthe 1 rec1procal we can tl"y, and 3 2 6)

2 1. . 2 1 1
For =318 the 1streciprocal we can try, and e TY

2 1 1
So Z=Z4—
5 3+15

23 1, . 23 1 3
For —, - is the 1streciprocal we can try, and — — - = —
40’2 40 2 40

Then we can try to find a friendly form for % :

3 1 1 1, .
— = —5- = ——,where 0 < a < 1, —is the 1streciprocal we
40 3  13+a 14

3 1 2
can try,and — — —
40 14 560 280

As

23 _ 1, 1
So —=-+—+
40 2 14

1

. 1 1 _ b
(ii) m has to satisfy —=q,s0 thatm > 7 a’ and m must be the

1 : 1 _ b
smallest such number, so that — > g;iem +1 < pii

HenceSSm<§+1 (%)

a 1 c
And Pl where ¢ & d have no common factors (as well as

a&b).

Result to prove: ¢ < a (*)

ma->b

)

. 1
We can try to prove instead that, as a_= =
b m bm

it is the case that ma — b < a (from which (*) follows, since if 2 is

ma—>b

the simplest form of ,then ¢ < ma — b)

1
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This is equivalent to showing that m < % (asa > 0);

Orm<1+ Z (which is the case). Hence ¢ < a.

(iii) Given q = %, m can be found as in (ii); ie m is the integer

satisfyingZSm<§+1(*)
_t_c _ L1 i ok
Then g —~ d,andq m+d,w1thc<a()

The procedure is then repeated for g; = 2, to produce

1 o
q,——=—,with¢; <c
my  dy

However, we have to show thatm; > m

[Referring to the examples in (i), it seems that m; is generally
significantly bigger than m, suggesting that it may not be hard to
prove that m; > m.|

b b d d
Now - <m<-+4+1 and —<m; <-4+ 1, where <2
a a c c d b
d_ b
so that - > E,and hencem; = m
Now suppose that m; = m.

Thenwehaveq—%-%:%(*)

Does this perhaps contradict the fact that g — ﬁ < 0(asmis

supposed to be the smallest integer such thati < q ; ie such that
q—%ZOﬁ

Consider % — ﬁ (with a view to showing that this will be

. 2 1
positive; ie that — > —)
m m-—1
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2 1 2(m-1)-m _  m-2

m m-1 m(m-1) _m(m—l)

> 0, provided that m > 2.

1

2
Thus, whenm > 2,— > :
m m-—1

and then g — ﬁ <0=q —% < 0, so that (*) is not possible,

and therefore m; # m.

Now, m = 1 is not possible, as this gives q — % >0,
so that g = 1, but we are told that g < 1.

Andifm = 2,thenq —— = 0= q > 1also.

Thus, m; > m, as required.

The process is then repeated, to give

1 :
qz——=;—2 withe, <c¢; <c<a,

)
m; 2

and so on until we reach c¢,, = 0 (after a finite number of steps)

: 1 1
(noting that, at each stage, —={r,S0 that g, — — = 0, and
T T

hence ¢, = 0)

1 1

. 1
Thus we arriveatq —— ——— - — — =0,
m my mp

11 1 .
and so q = —t ettt where the m; are distinct.
1

n

.. 4 1 1
(1V)E—@—m,where0<a<1,

L4 1 .., 13 13
so that we can write — — - = = (with—<4<—+1)
13 4 d 4 4



Theni = % = L,whereO <b<l,
52 (?) 17+b

: .1 5 5
so that we can write — — — =; (w1th?2 <18 < ?2+ 1)

52 18
e 1 2 1
and - =—=——= =
f 52 18 52(18) 468
4 1,1, 1
Thus —=-+—=+—

(v) Let R be any rational number.
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. N 1 a a 1
= — — < — -
Then we can write R (E:n=1n) +o, where 0 < > <1 for

some N. (#)

We need to show that% can be written in the friendly form

i + mi + ---, such that m > N (so that all the reciprocals in the
1

expansion for R are distinct).

. ..y b b
From (**) in (ii), —s=m<o+ 1,
so that m > Z > N + 1, from (#),

and therefore m > N + 1 > N, as required.



